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Abstract 

In this note we revisit Almgren's theory of Q-valued functions, that are functions 
taking values in the space ^4g(IR n ) of unordered Q-tuples of points in W 1 . In particular: 

• we give shorter versions of Almgren's proofs of the existence of Dir-minimizing 
Q-valued functions, of their Holder regularity and of the dimension estimate of 
their singular set; 

• we propose an alternative, intrinsic approach to these results, not relying on Alm- 
gren's biLipschitz embedding £ : ^.g(R n ) — > R Ar ( ( 2> ri ); 

• we improve upon the estimate of the singular set of planar Dir-minimizing func- 
tions by showing that it consists of isolated points. 
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Introduction 



The aim of this paper is to provide a simple, complete and self-contained reference 
for Almgren's theory of Dir-minimizing Q-valued functions, so to make it an easy step 
for the understanding of the remaining parts of the Big regularity paper [AlmOO]. We 
propose simpler and shorter proofs of the central results on Q- valued functions contained 
there, suggesting new points of view on many of them. In addition, parallel to Almgren's 
theory, we elaborate an intrinsic one which reaches his main results avoiding the extrinsic 
mappings £ and p (see Section 2.1 and compare with 1.2 of [AlmOO]). This "metric" point 
of view is clearly an original contribution of this paper. The second new contribution is 
Theorem 0.12 where we improve Almgren's estimate of the singular set in the planar case, 
relying heavily on computations of White [Whi83] and Chang [Cha88] . 

Simplified and intrinsic proofs of parts of Almgren's big regularity paper have already 
been established in [Gob06a] and [Gob06b]. In fact our proof of the Lipschitz extension 
property for Q- valued functions is essentially the one given in [Gob06a] (see Section 1.2). 
Just to compare this simplified approach to Almgren's, note that the existence of the 
retraction p is actually an easy corollary of the existence of £ and of the Lipschitz extension 
theorem. In Almgren's paper, instead, the Lipschitz extension theorem is a corollary of 
the existence of p, which is constructed explicitly (see 1.3 in [AlmOO]) . However, even 
where our proofs differ most from his, we have been clearly influenced by his ideas and we 
cannot exclude the existence of hints to our strategies in [AlmOO] or in his other papers 
[Alm83] and [Alm86]: the amount of material is very large and we have not explored it 
in all the details. 

Almgren asserts that some of the proofs in the first chapters of [AlmOO] are more 
involved than apparently needed because of applications contained in the other chapters, 
where he proves his celebrated partial regularity theorem for area-minimizing currents. We 
instead avoid any complication which looked unnecessary for the theory of Dir-minimizing 
Q-functions. For instance, we do not show the existence of Almgren's improved Lipschitz 
retraction p* (see 1.3 of [AlmOO]), since it is not needed in the theory of Dir-minimizing Q- 
valued functions. This retraction is instead used in the approximation of area-minimizing 
currents (see Chapter 3 of [AlmOO]) and will be addressed in the forthcoming paper [DLS]. 

In our opinion the portion of Almgren's Big regularity paper regarding the theory of 
Q-valued functions is simply a combination of clean ideas from the theory of elliptic partial 
differential equations with elementary observations of combinatorial nature, the latter being 
much less complicated than what they look at a first sight. In addition our new "metric" 



l 



2 



INTRODUCTION 



point of view reduces further the combinatorial part, at the expense of introducing other 
arguments of more analytic flavor. 

The metric space AgiMJ 1 ). Roughly speaking, our intuition of Q-valued functions 
is that of mappings taking their values in the unordered sets of Q points of M. n , with the 
understanding that multiplicity can occur. We formalize this idea by identifying the space 
of Q unordered points in M. n with the set of positive atomic measures of mass Q. 

Definition 0.1 (Unordered Q-tuples). We denote by [P] the Dirac mass in P { e W n 
and we define the space of Q-points as 



In order to simplify the notation, we use Aq in place of AqIMJ 1 ) and we write [P;] 
when n and Q are clear from the context. Clearly, the points P» do not have to be distinct: 
for instance Q [P] is an element of *4.<g(lR n ). We endow *4g(lR n ) with a metric which makes 
it a complete metric space (the completeness is an elementary exercise left to the reader). 



Definition 0.2. For every T U T 2 e A Q (R n ), with T ± = £\ [P] and T 2 = £\ we 



where &q denotes the group of permutations of {1, . . . , Q}. 

Remark 0.3. (AQ(M. n ),Q) is a closed subset of a "convex" complete metric space. 
Indeed, Q coincides with the L 2 -Wasserstein distance on the space of positive measures 
with finite second moment (see for instance [AGS05] and [Vil03]). In Section 4.1 we will 
also use the fact that (AQ(M. n ),Q) can be embedded isometrically in a separable Banach 
space. 

The metric theory of Q-valued functions starts from this remark. It avoids the Eu- 
clidean embedding and retraction theorems of Almgren but is anyway powerful enough to 
prove the main results on Q-valued functions addressed in this note. We develop it fully in 
Chapter 4 after presenting (in Chapters 1, 2 and 3) Almgren's theory with easier proofs. 
However, since the metric point of view allows a quick, intrinsic definition of Sobolev map- 
pings and of the Dirichlet energy, we use it already here to state immediately the main 
theorems. 

Q-valued functions and the Dirichlet energy. For the rest of the paper Q will be 
a bounded open subset of the Euclidean space lR m . If not specified, we will assume that the 
regularity of dQ is Lipschitz. Continuous, Lipschitz, Holder and (Lebesgue) measurable 
functions from O into Aq are defined in the usual way. As for the spaces L P (Q, Aq), 
they consist of those measurable maps u : Q — > Aq such that \\G(u, Q [0])||lp is finite. 
Observe that, since Q is bounded, this is equivalent to ask that ||£?(tt, T)||z,p is finite for 
every T G Aq. 



A Q (R n ) := I l p il ■ Pi^R n for every i = 1, . . . , Q 
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It is a general fact (and we show it in Section 1.1) that any measurable Q-valued 
function can be written as the "sum" of Q measurable functions. 

Proposition 0.4 (Measurable selection). Let B c W l be a measurable set and let 
f : B — ► Aq be a measurable junction. Then, there exist /i, • • • , /q measurable M. n -valued 
functions such that 

/(aO=X)|[/i(a:)l for a.e. x E B. (0.1) 

Obviously, such a choice is far from being unique, but, in using notation (0.1), we will 
always think of a measurable Q-valued function as coming together with such a selection. 

We now introduce the Sobolev spaces of functions taking values in the metric space of 
Q-points, as defined independently by Ambrosio in [Amb90] and Reshetnyak in [Res04]. 

Definition 0.5 (Sobolev Q- valued functions). A measurable function / : Q — > Aq is 
in the Sobolev class W 1,p (1 < p < oo) if there exist m functions ipj G L P (Q, M + ) such that 

(i) x i-> g(f(x),T) G W^in) for all T G Aq] 

(ii) \dj G(f,T)\ < tfj almost everywhere in Q for all T G Aq and for all j G {1, . . . , m}. 

Definition 0.5 can be easily generalized when the domain is a Riemannian manifold M. 
In this case we simply ask that / o x' 1 is a Sobolev Q-function for every open set U C M 
and every chart x : U — > M. n . It is not difficult to show the existence of minimal functions 
(fij fulfilling (ii), i.e. such that 

<Pj < ipj a.e. for any other tfj satisfying (ii), 

(see Proposition 4.2). We denote them by \djf\. We will later characterize \djf\ by the 
following property (cp. with Proposition 4.2): for every countable dense subset {Tj} ie N of 
Aq and for every j = 1, . . . , m, 

\djf\ = sup \dj G(f,Ti)\ almost everywhere in Q. (0.2) 

In the same way, given a vector field X, we can define intrinsically \dxf\ and prove the 
formula corresponding to (0.2). For functions / G W 1 ' 2 ^, Aq), we set 

5=1 

For functions on a general Riemannian manifold M, we choose an orthonormal frame 
Xi,...X m and set \Df\ 2 = ^2 \dxj\ 2 - This definition is independent of the choice of 
coordinates (resp. of frames), as it can be seen from Proposition 2.17. 

Definition 0.6. The Dirichlet energy of / G W 1,2 (U, Aq), where U is an open subset 
of a Riemannian manifold, is given by Dir(/, U) := j u \Df\ 2 . 

It is not difficult to see that, when / can be decomposed into finitely many regular 
single- valued functions, i.e. f(x) = for some differentiable functions /j, then 

Dir(/, U) = I \Dtt 2 = Y,VHfuU). 
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The usual notion of trace at the boundary can be easily generalized to this setting. 

Definition 0.7 (Trace of Sobolev Q-functions) . Let c l m be a Lipschitz bounded 
open set and / G W 1,P {VL, Aq). A function g belonging to L p (dQ, Aq) is said to be the 
trace of / at dVl (and we denote it by /|so) if, for every T G Aq, the trace of the real- valued 
Sobolev function Q(f,T) coincides with Q(g,T). 

It is straightforward to check that this notion of trace coincides with the restriction of 
/ to the boundary when / is a continuous function which extends continuously to Q. In 
Section 4.2, we show the existence and uniqueness of the trace for every / G W 1,p . Hence, 
we can formulate a Dirichlet problem for Q-valued functions: / G W 1,2 (Q, Aq) is said to 
be Dir-minimizing if 



The main results proved in this paper. We are now ready to state the main 
theorems of Almgren reproved in this note: an existence theorem and two regularity results. 

Theorem 0.8 (Existence for the Dirichlet Problem). Let g G W 1 ' 2 (VL,Aq). Then, 
there exists a Dir -minimizing function f G W 1,2 (Q, Aq) such that f\gn = g\gn- 

Theorem 0.9 (Holder regularity). There exists a positive constant a = a(m,Q) > 
with the following property. If f G W 1,2 (fl, Aq) is Dir -minimizing, then f G C 0,a (fl') 
for every Q' CC Q C M. m . For two-dimensional domains, we have the explicit constant 



For the second regularity theorem we need the definition of singular set of /. 

Definition 0.10 (Regular and singular points). A Q-valued function / is regular at a 
point x G Vt if there exists a neighborhood B of x and Q analytic functions fi : B — > R n 
such that 



and either fi(x) ^ fj(x) for every x G B or /j = fj. The singular set of / is the 
complement of the set of regular points. 

Theorem 0.11 (Estimate of the singular set). Let f be a Dir-minimizing function. 
Then, the singular set Sj of f is relatively closed in Q. Moreover, if m = 2, then is at 
most countable, and if m > 3, then the Hausdorff dimension o/Sj is at most m — 2. 

Following in part ideas of [Cha88], we improve this last theorem in the following way. 

Theorem 0.12 (Improved estimate of the singular set). Let f be Dir-minimizing and 
m = 2. Then, the singular set S/ of f consists of isolated points. 

This note is divided into five parts. Chapter 1 gives the "elementary theory" of de- 
valued functions, while Chapter 2 focuses on the "combinatorial results" of Almgren's 
theory. In particular we give there very simple proofs of the existence of Almgren's biLip- 
schitz embedding £ : *4.q (IR n ) — > R-^W' 71 ) and of a Lipschitz retraction p of R^W'") onto 



Dir(/,0) < Dir(s,ft) for all g G W^ 2 {Q,Aq) with f\ m = g\ dn . 



a(2,Q) = l/Q. 




for almost every y G B 
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£(M N (®' n >). Following Almgren's approach, £ and p are then used to generalize the classical 
Sobolev theory to Q-valued functions. In Chapter 4 we develop the intrinsic theory and 
show how the results of Chapter 2 can be recovered independently of the maps £ and p. 
Chapter 3 gives simplified proofs of Almgren's regularity theorems for Q-valued functions 
and Chapter 5 contains the improved estimate of Theorem 0.12. Therefore, to get a proof 
of the four main Theorems listed above, the reader can choose to follow Chapters 1, 2, 3 
and 5, or to follow Chapters 1, 4, 3 and 5. 

Acknowledgements. The first author is indebted with Bernd Kirchheim for many en- 
lightening discussions on some topics of this paper. Both authors acknowledge the support 
of the Swiss National Foundation. The second author aknowledges the Forschungskredit 
of the University of Zurich. 



CHAPTER 1 



The elementary theory of Q-valued functions 

This chapter consists of three sections. The first one introduces a recurrent theme: 
decomposing Q- valued functions in simpler pieces. We will often build on this and prove our 
statements inductively on Q, relying ultimately on well-known properties of single-valued 
functions. Section 1.2 contains an elementary proof of the following fact: any Lipschitz map 
from a subset of M. m into Aq can be extended to a Lipschitz map on the whole Euclidean 
space. This extension theorem, combined with suitable truncation techniques, is the basic 
tool of various approximation results. Section 1.3 introduces a notion of differentiability for 
Q-valued maps and contains some chain-rule formulas and a generalization of the classical 
theorem of Rademacher. These are the main ingredients of several computations in later 
sections. 

1.1. Decomposition and selection for Q- valued functions 

Given two elements T G Aq 1 (W l ) and S G *4.Q 2 (K n ), the sum T + S of the two mea- 
sures belongs to Aq^MJ 1 ) = AQ 1+ Q 2 {M n ) . This observation leads directly to the following 
definition. 

Definition 1.1. Given finitely many Qj-valued functions fi, the map /1 + /2 + • • - + /jv 
defines a Q- valued function /, where Q = Q\ + Q2 + • • • + Qn- This will be called a 
decomposition of f into N simpler functions. We speak of measurable (Lipschitz, Holder, 
etc.) decompositions, when the /j's are measurable (Lipschitz, Holder, etc.). In order to 
avoid confusions with the summation of vectors in W 1 , we will write, with a slight abuse 
of notation, 

/ = Uii + ... + UnI- 

If Qi = . . . = Qn — 1, the decomposition is called a selection. 

Proposition 0.4 ensures the existence of a measurable selection for any measurable 
Q-valued function. The only role of this proposition is to simplify our notation. 

1.1.1. Proof of Proposition 0.4. We prove the proposition by induction on Q. The 
case Q — 1 is of course trivial. For the general case, we will make use of the following 
elementary observation: 

(D) if IJieN &i ^ s a covering of B by measurable sets, then it suffices to find a measurable 

selection of /l^ns f° r every i. 
Let first Aq C Aq be the closed set of points of type Q [P] and set B = / _1 (^4. )- 
Then, Bq is measurable and /|s has trivially a measurable selection. 

7 
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Next we fix a point T G Aq \ Ao, T = £\ [-fYfl- We can subdivide the set of indexes 
{1, . . . , Q} — II U Ik into two nonempty sets of cardinality L and K, with the property 
that 

\Pk - Pi\ > for every I G I L and k G I K - (1-1) 
For every S = J2i iQih ^ n s £ be a permutation such that 

G{s,Ty = Y.\ p i-Qs{i)\ 2 - 

i 

If U is a sufficiently small neighborhood of T in Aq, by (1.1), the maps 

r:U3 S^Yl lQ«s(t)i eA L, <r ■ U 3 S ^ lQ*s(h)i e a k 
lel L kei K 

are continuous. Therefore, C = /~ 1 (f/) is measurable and [a o f\cj + [r o is a measur- 
able decomposition of f\c- Then, by inductive hypothesis, f\c has a measurable selection. 

According to this argument, it is possible to cover Aq \ Ao with open sets ITs such 
that, if B = / _1 (?7), then f\ B has a measurable selection. Since Aq \Ao is an open subset 
of a separable metric space, we can find a countable covering {£/i}i e N of this type. Being 
{-B } U {f^ 1 (U i )}'^ =1 a measurable covering of B, from (D) we conclude the proof. 

1.1.2. One dimensional jy 1,p -decomposition. A more serious problem is to find 
selections which are as regular as / itself. Essentially, this is always possible when the 
domain of / is 1-dimensional. For our purposes we just need the Sobolev case of this 
principle, which we prove in the next two propositions. 

In this subsection / = [a, b] is a closed bounded interval of R and the space of absolutely 
continuous functions AC (I, Aq) is defined as the space of those continuous / : 7 — > Aq 
such that, for every e > 0, there exists 5 > with the following property: for every 
a < t\ < t 2 < ... < t 2 N < b, 

^2(hi -*2i-i) < S implies G{f(t 2 i), f(hi-i)) < e. 

i i 

Proposition 1.2. Let f g W l > p (I,A Q ). Then, 

(a) / G AC(I,Aq) and, moreover, f G C ' 1 "^ (7, Aq) for p > 1; 

(b) there exists a selection fi, ■ ■ ■ , fq G W 1,P (I, R") off such that \Dfi\ < \Df\ almost 
everywhere. 

Remark 1.3. A similar selection theorem holds for continuous Q-functions. This result 
needs a subtler combinatorial argument and is proved in Almgren's Big regularity paper 
[AlmOO] (Proposition 1.10, p. 85). The proof of Almgren uses the Euclidean structure, 
whereas a more general argument has been proposed in [DLGT04]. 

Proposition 1.2 cannot be extended to maps / G W 1 ' P (S 1 , Aq). For example, we identify 
R 2 with the complex plane C and S 1 with the set {z G C : \z\ = 1} and we consider the 
map / : S 1 — ► *4.q(R 2 ) given by f(z) = YliC 2 =z [CI- Then, / is Lipschitz (and hence belongs 
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to W 1,p for every p) but it does not have a continuous selection. Nonetheless, we can use 
Proposition 1.2 to decompose any / G H' rl,p (§ 1 , Aq) into "irreducible pieces". 

Definition 1.4. / G W 1,p (S 1 ,Aq) is called irreducible if there is no decomposition of 
/ into 2 simpler W l,p functions. 

Proposition 1.5. For every Q -function g G W 1,P (S 1 , AQ(M. n )), there exists a decompo- 
sition g = Y2j=i f.9j1> where each g.j is an irreducible W 1,p map. A function g is irreducible 
if and only if 

(i) card (supp (g(z))) = Q for every z G S 1 and 

(ii) there exists a W 1,p map h : S 1 — > IR n with the property that f(z) = X^Q= 2 [MOJ ■ 
Moreover, for every irreducible g, there are exactly Q maps h fulfilling (ii). 

The existence of an irreducible decomposition in the sense above is an obvious conse- 
quence of the definition of irreducible maps. The interesting part of the proposition is the 
characterization of the irreducible pieces, a direct corollary of Proposition 1.2. 

Proof of Proposition 1.2. We start with (a). Fix a dense set {Tj}j eN c Aq. Then, 
for every j 6 N, there is a negligible set Ei d I such that, for every x < y G I \Ei, 



< I \Df\. 



\Q(f(x),X i )-g(f(y),T l )\ < 
Fix x < y G / \ UiEi and choose a sequence {T it } converging to f(x). Then, 

g(f(x),f(y))=\im\g(f(x),T H )-g(f( y ),T H )\ < [ V \Df\. (1.2) 

Jx 

Clearly, (1.2) gives the absolute continuity of / outside Uj-Bj. Moreover, / can be redefined 
in a unique way on the exceptional set so that the estimate (1.2) holds for every pair 

x, y. In the case p > 1, we improve (1.2) to 0(f(x), f(y)) < || \Df\ \\lp \x — y| ( ' p_1 ^ p , thus 
concluding the Holder continuity. 

For (b), the strategy is to find fi, ■ ■ ■ , /q as limit of approximating piecewise linear 
functions. To this aim, fix k G N and set 

Afc := and t\ := a + I A*., with l = 0,...,k. 

k 

By (a), without loss of generality, we assume that / is continuous and we consider the 
points f(ti) = J2i \PlJ- Moreover, after possibly reordering each {Pj}ie{i,...,Q}, we can 
assume that 

Q{f{ti-i)J{ti)f = Y,\ p ^ x - p l\ 2 - ( L3 ) 



Hence, we define the functions as the linear interpolations between the points (t/, P i 
that is, for every I = 1, . . . , k and every t G [ti-i, t{\, we set 

nb,.s tl—t . t — tl-l 



I I ■ 
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It is immediate to see that the /*'s are W 1 ' 1 functions; moreover, for every t G (t;_i,t/), 
thanks to (1.3), the following estimate holds, 

\Df?(t)\ = Ijil-gi < m^llM < f \Df\(r)dr=:h k (t). (1.4) 

^k ^k Jtt-x 

Since the functions h k converge in LP to \Df\ for k — > +oo, we conclude that the /*'s are 
equi-continuous and equi-bounded. Hence, up to passing to a subsequence, which we do not 
relabel, there exist functions /i, . . • , /q such that — > /j uniformly. Passing to the limit, 
(1.4) implies that \Dfi\ < \Df \ and it is a very simple task to verify that £\ [/j] = /. □ 

Proof of Proposition 1.5. The decomposition of g into irreducible maps is a trivial 
corollary of the definition of irreducibility. Moreover, it is easily seen that a map satisfying 
{€) and (z'z) is necessarily irreducible. 

Let now g be an irreducible W 1,p Q-function. Consider g as a function on [0, 27r] with 
the property that g(0) = g(2n) and let h±,...,hQ in W 1,p ([0, 2ir], R n ) be a selection as 
in Proposition 1.2. Since we have g(0) = g(2ir), there exists a permutation a such that 
hi(27r) = h a (i)(0). We claim that any such a is necessarily a Q-cycle. If not, there is a 
partition of {1, . . . , Q} into two disjoint nonempty subsets II and Ik, with cardinality L 
and K respectively, such that ct(Il) — II and &{Ik) — Ik- Then, the functions 

9l = l hi 1 and 9k = M 

would provide a decomposition of / into two simpler W 1,p functions. 

The claim concludes the proof. Indeed, for what concerns (i), we note that, if the 
support of g(0) does not consist of Q distinct points, there is always a permutation a such 
that faj(27r) = h a ^(0) and which is not a Q-cycle. For (ii), without loss of generality, we 
can order the hi in such a way that u(Q) = 1 and a(i) — i + 1 for i < Q — 1. Then, the 
map /i : [0, 2tt] -> R n defined by 

h(6) = hi(Q6 - 2{i - 1)tt), for 9 G [2(i - 1)tt/Q, 2ztt/Q], 

fulfils (zi). Finally, if a map h G M/ 1 ' p (§ 1 , M n ) satisfies 

^(e) = P 1 ^ 9 + 2i7r )/Q) for ever y e > ( L5 ) 

then there is j G {1, . . . , Q} such that h(0) = h(2jiT/Q). By (z) and the continuity of h 
and h, the identity h{9) = h(6 + 2jn/Q) holds for 9 in a neighborhood of 0. Therefore, 
since S 1 is connected, a simple continuation argument shows that h(9) = h{9 + 2jir/Q) for 
every 9. On the other hand, all the h of this form are different (due to (z)) and enjoy (1.5): 
hence, there are exactly Q distinct W 1,p functions with this property. □ 
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1.1.3. Lipschitz decomposition. For general domains of dimension m > 2, there 
are well-known obstructions to the existence of regular selections. However, it is clear 
that, when / is continuous and the support of f(x) does not consist of a single point, in a 
neighborhood U of x, there is a decomposition of / into two continuous simpler functions. 
When / is Lipschitz, this decomposition holds in a sufficiently large ball, whose radius can 
be estimated from below with a simple combinatorial argument. This fact will play a key 
role in many subsequent arguments. 

Proposition 1.6. Let f : B c R m — > A Q be a Lipschitz function, f = J2?=i IM- 
Suppose that there exist xq G B and i, j G {1, . . . , Q} such that 

\fi(x ) - fjMl > 3 (Q - 1) Lip(f) diam(B). (1.6) 

Then, there is a decomposition of f into two simpler Lipschitz functions fx and fi with 
Lip(f K ), Lip(f L ) < Lip(f) and supp (fi((x)) H supp (h(x)) = for every x. 

Proof. Call a "squad" any subset of indices I C {1, . . . , Q} such that 

\fl(x ) - fr(x )\ < 3 (|/| - 1) Lip(J) diam(B) for all /, r G /, 

where |/| denotes the cardinality of /. Let II be a maximal squad containing 1, where L 
stands for its cardinality. By (1.6), L < Q. Set Ik = {1, • • • , Q} \ II- Note that, whenever 
/ G II and k G Ik, 

\fi(x ) -fk(x )\ > 3Lip(/)diam(5), (1.7) 

otherwise Ii would not be maximal. For every x, y G B, we let tt x , n Xty G 0Pq be 
permutations such that 

G(f(x ),f(x)) 2 = \fi( X 0) ~ fn x (i)(x)\ 2 , 

i 

G(f(x)J(y)) 2 = Y\Mx) - f nx , y{l) (y)\ 2 . 

i 

We define the functions /l and fK as 

h(x) = Y lU a (i)(x)] and f K (x) = ^ [/^(oC^)] ■ 

Observe that / = [/l] + [//<■]: it remains to show the Lipschitz estimate. For this aim, 
we claim that 7^ (7r z (/.£,)) = ^ v {Il) for every x and y. Assuming the claim, we conclude 
that, for every x,y G B, 

g(f(x), f{y)f = G(f L (x), f L {y)f + g(f K (x), f K {y))\ 

and hence Lip(/ L ), Lip(/^) < Lip(/). 

To prove the claim, we argue by contradiction: if it is false, choose x, y G B, I G II 
and k E I K with 7r x>y (7r x (l)) = ir v (k). Then, \U x (i)(x) - U y (k)(y)\ < G(f(x),f(y)), which 
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in turn implies 

(1.7) 

3 Lip(/) diam(P) < \fi(x ) - fk(x )\ 

< \ fl(x ) - U x (l){x)\ + \ fn x (l){x) - fn v (k)(y)\ + \ fn y (k)(y) ~ fk(x )\ 

< G(f(x ), f(x)) + G(f(x), f{y)) + Q(f(y), f(x )) 

< Lip(/) (|x - x\ + \x -y\ + \y - x \) 

< 3Lip(/)diam(P). 

This is a contradiction and, hence, the proof is complete. □ 

1.2. Extension of Lipschitz Q- valued functions 

This section is devoted to prove the following extension theorem. 

Theorem 1.7 (Lipschitz Extension). Let B c M m and f : B — > Aq^W 1 ) be Lipschitz. 
Then, there exists an extension f : M. m — > Aq(W 1 ) of f, with Lip(f) < C(m,Q) Lip(f). 
Moreover, if f is bounded, then, for every P G M. n , 

sup G(f(x), QIP})< C(m, Q) sup Q(f(x), Q [P]). (1.8) 

x&R" 1 x&B 

Note that, in his Big regularity paper, Almgren deduces Theorem 1.7 from the existence 
of the maps £ and p of Section 2.1. We instead follow a sort of reverse path and conclude 
the existence of p from that of £ and from Theorem 1.7. 

It has already been observed by Goblet in [Gob06a] that the Homotopy Lemma 1.8 
below can be combined with a Whitney-type argument to yield an easy direct proof of the 
Lipschitz extension Theorem, avoiding Almgren's maps £ and p. In [Gob06a] the author 
refers to the general theory built in [LS97] to conclude Theorem 1.7 from Lemma 1.8. For 
the sake of completeness, we give here the complete argument. 

1.2.1. Homotopy Lemma. Let C be a cube with sides parallel to the coordinate 
axes. As a first step, we show the existence of extensions to C of Lipschitz Q-valued 
functions defined on dC. This will be the key point in the Whitney type argument used 
in the proof of Theorem 1.7. 

LEMMA 1.8 (Homotopy lemma). There is a constant c(Q) with the following property. 
For any closed cube with sides parallel to the coordinate axes and any Lipschitz Q -function 
h : dC — > ^4g(lR n ), there exists an extension f : C — > *4.Q(lR n ) of h which is Lipschitz with 
Lip(f) < c{Q)Lip{h). Moreover, for every P £ R n , 

max g{f(x), Q [P]) <2Q max G(h(x), Q [P]). (1.9) 

Proof. By rescaling and translating, it suffices to prove the lemma when C = [0, l] m . 
Since C is biLipschitz equivalent to the closed unit ball Pi centered at 0, it suffices to prove 
the lemma with P x in place of C. In order to prove this case, we proceed by induction on 
Q. For Q = 1, the statement is a well-known fact (it is very easy to find an extension / 
with Lip (/) < y / nLip(/); the existence of an extension with the same Lipschitz constant 
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is a classical, but subtle, result of Kirszbraun, see 2.10.43 in [Fed69]). We now assume 
that the lemma is true for every Q < Q*, and prove it for Q*. 

Fix any xo G dB\. We distinguish two cases: either (1.6) of Proposition 1.6 is satisfied 
with B = dBi, or it is not. In the first case we can decompose h as \hi\ + {hx}, where 
h,L and Jin are Lipschitz functions taking values in Al and Ar, and K and L are positive 
integers. By the induction hypothesis, we can find extensions of Hl and Hk satisfying the 
requirements of the lemma, and it is not difficult to verify that / = {f L J + [/#] is the 
desired extension of h to B\. 

In the second case, for any pair of indices i,j we have that 

\hi(x ) -hj(x )\ < 6Q*Lip(/i). 
We use the following cone-like construction: set P := hi(xo) and define 



f(x) = £ (N K ^) + (l-|x|)P 



1.10) 



Clearly / is an extension of h. For the Lipschitz regularity, note first that 

Lip(/W) = Lip(/i), for every < r < 1. 
Next, for any x G dB, on the segment a x = [0, x] we have 

Lip/L < Q* max \hi(x) - P\ < 6 (Q*) 2 Lip(/i). 

i 

So, we infer that Lip(/) < 12 (Q*) 2 Lip(/i). Moreover, (1.9) follows easily from (1.10). □ 

1.2.2. Proof of Theorem 1.7. Without loss of generality, we can assume that B 
is closed. Consider a Whitney decomposition {Ck} keN of M m \ B (see Figure 1). More 
precisely (cp. with Theorem 3, page 16 of [Ste70]): 

(Wl) each Ck is a closed dyadic cube, i.e. the length 4 of the side is 2 fc for some k G Z 

and the coordinates of the vertices are integer multiples of 
(W2) distinct cubes have disjoint interiors and 

c(m) - 1 dist(L7 fc , B) < l k < c(m) dist(C fc , B). (1.11) 

As usual, we call j-skeleton the union of the j'-dimensional faces of Ck- We now construct 
the extension / by defining it recursively on the skeletons. 

Consider the 0-skeleton, i.e. the set of the vertices of the cubes. For each vertex x, 
we choose x G B such that \x — x\ = dist(x, B) and set f(x) = f(x). If x and y are two 
adjacent vertices of the same cube Ck, then 

max { | a; — x\ , \y — y \ } < dist(Cfc, B) < elk = c \x — y \ . 

Hence, we have 

Q {f( x )i f(y)) = G (f(x), f(y)) < Lip(/) \x-y\< Lip(/) ( \x - x\ + \x - y\ + \y - y\ ) 
< cLip(J) \x-y\. 

Using the Homotopy Lemma 1.8, we extend / to / on each side of the 1-skeleton . On the 
boundary of any 2-face / has Lipschitz constant smaller than 9C(m, Q) Lip(/). Applying 
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\. a segment of 
the 1-skeleton 



B 




elements of the 
skeleton 



Figure 1. The Whitney decomposition of IR 2 \ B. 

Lemma 1.8 recursively we find an extension of / to all R m such that (1.8) holds and which 
is Lipschitz in each cube of the decomposition, with constant smaller than C(m, Q) Lip(/). 

It remains to show that / is Lipschitz on the whole W 71 . Consider x, y G M m , not lying 
in the same cube of the decomposition. Our aim is to show the inequality 

9(f(x)J(y))<CUj>(f)\x-y\, (1.12) 

with some C depending only on m and Q. Without loss of generality, we can assume that 
x G" B. We distinguish then two possibilities: 

(a) [x,y]n£?^0; 

(b) [x,y]C]B = $. 

In order to deal with (a), assume first that y G B. Let Ck be a cube of the decomposition 
containing x and let v be one of the nearest vertices of Ck to x. Recall, moreover, that 
f(v) = f(v) for some v with \v — v\ = dist(i>, B). We have then 

Q (/», f(y)) < Q (/», /(«)) + Q (/», M) = Q (/», /(«)) + Q (/(«), f(y)) 

< C Lip(/) \x - v | + Lip(/) \v - y\ 

< C Lip(/) (\x — v\ + \v — v\ + \v — x\ + \x — y \ ) 

< C Lip(/) (/ fc + dist(C fe , 5) + diam (C fe ) + \x-y\) 
(i.ii) 

<CLip(/)|ar-j/|. 

If (a) holds but y ^ B, then let 2 e]a, 6[fl5. From the previous argument we know 
Q(f(x), f(z)) < C\x — z\ and Q (f(y), f{z)) < C\y — z\, from which (1.12) follows easily. 
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If (b) holds, then [x, y] = [x, P\] U [Pi, P 2 ] U . . . U [P s , y] where each interval belongs to 
a cube of the decomposition. Therefore (1.12) follows trivially from the Lipschitz estimate 
for / in each cube of the decomposition. 

1.3. Differentiability and Rademacher's Theorem 

In this section we introduce the notion of differentiability for Q-valued functions and 
prove two related theorems. The first one gives chain-rule formulas for Q-valued functions 
and the second is the extension to the Q- valued setting of the classical result of Rademacher. 

Definition 1.9. Let / : f2 — > Aq and x 6 f2. We say that / is differentiable at x if 
there exist Q matrices Lj satisfying: 

(i) Q(f(x),T x J) = o(\x-x \), where 

T xo f(x) := (Li ■ {x ~ x Q ) + fiixo)} ; (1.13) 

i 

(ii) Li = Lj if fi(x ) = fj(x ). 

The Q- valued map T xo f will be called the first-order approximation of / at Xq. The point 
Si 1-^1 1 ^ AqCMJ 1 *™) will be called the differential of / at x and is denoted by Df(x ). 

Remark 1.10. What we call "differentiable" is called "strongly affine approximable" 
by Almgren. 

Remark 1.11. The differential Df(xo) of a Q-function / does not determine univocally 
its first-order approximation T xo f. To overcome this ambiguity, we write Dfa for Lj in 
Definition 1.9, thus making evident which matrix has to be associated to fi(xo) in (i). Note 
that (ii) implies that this notation is consistent: namely, if g±, . . . , gq is a different selection 
for /, Xq a point of differentiability and n a permutation such that gi(xo) = fn(i){xo) f° r 
all i e {1, . . . , Q}, then Dgi(x ) = Df n ^(x ). Even though the /j's are not, in general, 
differentiable, observe that, when they are differentiable and / is differentiable, the Dfo's 
coincide with the classical differentials. 

If D is the set of points of differentiability of /, the map x h- > Df{x) is a Q-valued 
map, which we denote by Df. In a similar fashion, we define the directional derivatives 
d v f{x) = Y2i \Dfi{x) ■ uj and establish the notation d u f = J2i l^ufij- 

1.3.1. Chain rules. In what follows, we will deal with several natural operations 
defined on Q- valued functions. Consider a function / : Q — > Aq(M. u ). For every $ : Cl — > Q, 
the right composition / o $ defines a Q-valued function on Cl. On the other hand, given a 
map ^ : Q x MJ 1 — >• M fc , we can consider the left composition, x h- > Y2i l^( x i fi( x ))\> which 
defines a Q-valued function denoted, with a slight abuse of notation, by *&(x, f). 

The third operation involves maps F : (IR n )^ — > M fc such that, for every Q points 
(y u ...,y Q ) e (R n f and vr e &> Q , 

F(Vl, ■■■,Vq)=F ■ ■ ■ , Vn{Q)) ■ (i.i4) 

Then, x \— > F(fx(x), . . . , Jq(x)) is a well defined map, denoted by F o /. 
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Proposition 1.12 (Chain rules). Let f : £7 — ► ^4g(R n ) be differentiable at x . 

(i) Consider $ : Q — > Q such that $(yo) — x o an d assume that $ is differentiable at 
Uq. Then, f o $ is differentiable at yo and 

D(f o $)(j, ) = ]T [D/i(a;o) ■ £>*(y )] • (1-15) 

i 

(m) Consider $ : Oj. x R™ — ► R fc such that is differentiable at (xq, fi(xo)) for every 
i. Then, *f>(x,f) is differentiable at xq and 

D*(x, f))(x ) = Wu^(x , Mxo)) ■ Dfi(x ) + D x *(x , f(x ))j . (1.16) 

i 

(Hi) Consider F : (R n ) Q — > R fc as in (1.14) and differentiable at (fi(xo), ■ ■ ■ , /q(xo)). 
Then, F o f is differentiable at xq and 

D(F o f)(x ) = D yi F{h{x Q )i . . . , f Q (x )) ■ Df t (x ). (1.17) 

i 

Proof. All the formulas are just routine modifications of the classical chain-rule. The 
proof of (i) follows easily from Definition 1.9. Since / is differentiable at xq, we have 

Q (f o *(y), £ lDfi(x ) ■ (*(y) - $M) + m(yo))?j = o (|*(y) - <% )|) 

= o(|2/ - yd), (1.18) 

where the last equality follows from the differentiability of <3> at yo. Moreover, again due 
to the differentiability of $, we infer that 

Df t (x ) ■ (^(y) - <S>(y )) = Dfi(x ) ■ D$(y ) ■ (y - y ) + o(\y - y \). (1.19) 

Therefore, (1.18) and (1.19) imply (1.15). 

For what concerns (ii), we note that we can reduce to the case of card(/(xo)) = 1, i.e. 

/W = QH and Df(x ) = Q{L\. (1.20) 

Indeed, since / is differentiable (hence, continuous) in xq, in a neighborhood of Xq we can 
decompose / as the sum of differentiable multi-valued functions gk, f = J2k l9k}, such 
that card((?fc(^o)) = 1- Then, ^(x,f) = J2k l^( x i9k)} m a neighborhood of xo, and the 
differentiability of ^(x, f) follows from the differentiability of the \&(x, <7fc)'s. So, assuming 
(1.20), without loss of generality, we have to show that 

K x ) = Q l D u *(z , u )-L-(x- x ) + D x *(z , uq) ■ (x - x ) + W(x , u )j 
is the first-order approximation of \l/(x, f) in xq. Set 

Ai(x) = D u W(x , M ) • (fi(x) - M ) + Dx ®(X0, U ) ■ (X - X ) + *(X , Uq). 

From the differentiability of we deduce that 

Q 1 9(x, /), IM*)1 )=o(\x-x \+ G(f(x), /(x ))) = o (\x - x \) , (1.21) 
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where we used the differentiability of / in the last step. Hence, we can conclude (1.16), i.e. 

g (9(z, /), h(x)) < g Ufa /), J2 IM*)J ) + G [ IM*)} , Kx) 



< 



o(\x-x Q \) + \\D u *(x , u Q ) \\g\J2 IM X )1 ,QlL-(x-x ) + 



= 0(\x- X \) . 

where H-D^^o, ^o)|| denotes the Hilbert-Schmidt norm of the matrix D u ^(xq, Uq). 
Finally, to prove (Hi), fix x and let 7r be such that 

G(f(x), f(x )) 2 = !/*(*) (*) - M*o)\ 2 . 

i 

By the continuity of / and (ii) of Definition 1.9, for \x — xq\ small enough we have 

g(f(x),T X0 f(x)) 2 = - Dfi(x ) ■ (x - x ) - Zl \ 2 . (1.22 

i 

Set fi(x ) = Zi and z = . . . , zq) G (M n ) Q . The differentiability of F implies 
F o f{x) - F o f( Xo ) - D v, F (z) ■ (U) (a) - Zi) 

i 

Therefore, for \x — xq\ small enough, we conclude 



o (g(f(x), f(x )) = o(\x-x \). 

(1.23) 



^D yi F{z) ■ (U(i)(x) - Zi- Dfi(xo) ■ (x - x )) 



< 



<CJ2\U(i)(x) - Dfi(x ) ■ (x - x ) - Zi \ {1 = ] o(\x - x \), (1.24) 



with C = supj ||D^F(z)||. Therefore, using (1.23) and (1.24), we conclude (1.17). 



□ 



1.3.2. Rademacher's Theorem. In this subsection we extend the classical theorem 
of Rademacher on the differentiability of Lipschitz functions to the Q-valued setting. Our 
proof is direct and elementary, whereas in Almgren's work the theorem is a corollary of 
the existence of the biLipschitz embedding £ (see Section 2.1). An intrinsic proof has been 
already proposed in [Gob06b]. However our approach is considerably simpler. 

Theorem 1.13 (Rademacher). Let f : Q — > Aq be a Lipschitz function. Then, f is 
differentiable almost everywhere in Q. 



Proof. We proceed by induction on the number of values Q. The case Q = 1 is the 
classical Rademacher's theorem (see, for instance, 3.1.2 of [EG92]). We next assume that 
the theorem is true for every Q < Q* and we show its validity for Q*. 
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We write / = Yl?=i [/*]> where the fiS are a measurable selection. We let f2 be the set 
of points where / takes a single value with multiplicity Q: 

ci = {xeci : /i(x) = /i(x)Vi}. 

Note that Cl is closed. In Cl \ Cl, f is differentiable almost everywhere by inductive hy- 
pothesis. Indeed, by Proposition 1.6, in a neighborhood of any point x G Cl \ Cl, we can 
decompose / in the sum of two Lipschitz simpler multi- valued functions, / = [/xj + [/#] , 
with the property that supp fl supp = 0. By inductive hypothesis, /x and 

are differentiable, hence, also / is. 

It remains to prove that / is differentiable a.e. in Cl. Note that is a Lipschitz 
vector valued function and consider a Lipschitz extension of it to all Cl, denoted by g. We 
claim that / is differentiable in all the points x where 

(a) f2 has density 1; 

(b) g is differentiable. 

Our claim would conclude the proof. In order to show it, let xq G Cl be any given point 
fulfilling (a) and (b) and let T Xo g{y) = L ■ (y — x ) + fi(x ) be the first order Taylor 
expansion of g at Xo, that is 

\g(y) ~ L ■ (y - x ) - fi(x )\ = o(\y - x \). (1.25) 
We will show that T xo f(y) :— Q\L ■ (y — x ) + fi(x )J is the first order expansion of / at 
Xq. Indeed, for every y G M m , let r = \y — x \ and choose y* G Cl fl B 2r (xo) such that 

\y - y*\ = dist (y, Q n B 2 r(x )^ . 

Being /, g and Tg Lipschitz with constant at most Lip(/), using (1.25), we infer that 

Q(f(y),T Xo f(y)) <G(f(y)J(y*))+0(T X of(y*),T xo f(y)) + g(f(y*),T xo f(y*)) 

<Up(f)\y-y*\+QUp(f)\y-y*\ + 

+ Q{Q h(y*)j : QlL-(y*-x ) + f 1 (x )j) 

<(Q + 1) Lip(/) \y -y*\ + o( \y* -x \). (1.26) 

Since \y* — x \ < 2 r = 2 \y — x \, it remains to estimate p := \y — y*\. Note that the ball 
B p (y) is contained in B r (xo) and does not intersect Cl. Therefore 



\y-y*\=P<C 



Since xq is a point of density 1, we can conclude from (1.27) that \y — y*\ = \y — xq\ o(1). 
Inserting this inequality in (1.26), we conclude that G(f(y),T XQ f(y)) = o(\y — xo\), which 
shows that T xo f is the first order expansion of / at Xq- □ 



CHAPTER 2 



Almgren's extrinsic theory 

Two "extrinsic maps" play a pivotal role in the theory of Q-functions developed in 
[AlmOO]. The first one is a biLipschitz embedding £ of AqCU 11 ) into M. N ^' n \ where 
N(Q, n) is a sufficiently large integer. Almgren uses this map to define Sobolev Q-functions 
as classical M^-valued Sobolev maps taking values in Q := ^(^4g(IR ra )). Using many 
standard facts of Sobolev maps can be extended to the Q- valued setting with little effort. 
The second map p is a Lipschitz retraction of M. N (Q> n ' onto Q, which is used in various 
approximation arguments. 

The existence of the maps £ and p is proved in Section 2.1. In Section 2.2 we show that 
Sobolev Q-valued functions in the sense of Almgren coincide with those of Definition 0.5 
and we use £ to derive their basic properties. Finally, Section 2.3 shows that our definition 
of Dirichlet's energy coincides with Almgren's one and proves the Existence Theorem 0.8. 
Except for Section 2.2, no other portion of this paper makes direct use of £ or of p: the 
regularity theory of Chapters 3 and 5 needs only the propositions stated in Section 2.2, 
which we are going to prove again in Chapter 4 within the frame of an "intrinsic" approach, 
that is independent of £ and p. 

2.1. The biLipschitz embedding £ and the retraction p 

Theorem 2.1. There exist N = N(Q,ri) and an injective map £ : ^4q(R") —> R N such 
that: 

(i) Lip{£) < 1; 

(ii) if Q = £(Aq), then Lipoid) < C(n,Q). 
Moreover, there exists a Lipschitz map p : M. N — > Q which is the identity on Q. 

The existence of p is a trivial consequence of the Lipschitz regularity of ^~ 1 |q and of 
the Extension Theorem 1.7. 

Proof of the existence of p given £. Consider : Q —> A Q . Since this map 
is Lipschitz, by Theorem 1.7 there exists a Lipschitz extension / of to the entire space. 
Therefore, p = £ o f is the desired retraction. □ 

For the proof of the first part of Theorem 2.1, we follow instead the ideas of Alm- 
gren. A slight modification of these ideas, moreover, leads to the construction of a special 
biLipschitz embedding: this observation, due to B. White, was noticed in [Cha88]. 

Corollary 2.2. There exist M = M(Q, n) and an injective map £ B w '■ -AqCMJ 1 ) —> R M 
with the following properties: $,bw satisfies (i) and (ii) of Theorem 2.1 and, for every 
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T G AqIM. 11 ), there exists 5 > such that 

\ZBw(T)-a BW (S)\=g(T,S) \/ S e B 5 (T) c A Q (R n )- (2-1) 

We point out that we will not make any use in the following of such special embedding 
£bw, since all the properties of Q- valued functions are independent of the embedding 
we choose. Nevertheless, we give a proof of Corollary 2.2 because it provides a better 
intuition on Q- valued functions (see Proposition 2.20) and can be used to give shorter 
proofs of several technical lemmas (see [DLS]). 



2.1.1. A combinatorial Lemma. The key of the proof of Theorem 2.1 is the follow- 
ing combinatorial statement. 

Lemma 2.3 (Almgren's combinatorial Lemma). There exist a = a(Q,n) > and a set 
of h = h(Q, n) unit vectors A = {e 1; . . . e^} C S"" 1 with the following property: given any 
set of Q 2 vectors, {vi, . . . , Vq2} c W 1 , there exists e; G A such that 

\vk ■ Gi\ > a\vk\ for all k e {l, . . . , Q 2 }- (2.2) 

Proof. Choose a unit vector e\ and let a(Q, n) be small enough in order to ensure 
that the set E := {x G S n_1 : \x • e\\ < a} has sufficiently small measure, that is 

1-/n—l /on- 1\ 

Note that E is just the a-neighborhood of an equatorial (n — 2)-sphere of S n_1 . Next, we use 
Vitali's covering Lemma (see 1.5.1 of [EG92]) to find a finite set A = {ei, . . . , eh} C S n_1 
and a finite number of radii < r, < a such that 

(a) the balls B n (e.i) are disjoint; 

(b) the balls B 5r .(ei) cover the whole sphere. 

We claim that A satisfies the requirements of the lemma. Let, indeed, V = {vi, . . . , Vq2} 
be a set of vectors. We want to show the existence of ei G A which satisfies (2.2). Without 
loss of generality, we assume that each is nonzero. Moreover, we consider the sets 
Ck = {x G S™" 1 : \x ■ Vk\ < Oi\vk\ } and we let Cy be the union of the CVs. Each Ck 
is the a-neighborhood of the equatorial sphere given by the intersection of S n_1 with the 
hyperplane orthogonal to Thus, by (2.3), 

H n ' x (C v ) < ^-H^. (2.4) 

Note that, due to the bound V{ < a, 

e t eC v =► H n - 1 (C v n BrM) > V^l^lM n Sn-1 ) , (2.5) 
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By our choices, there must be one e/ which does not belong to Cy, otherwise 

<iJn-l(<Sn-l\ ( a )&(6) (2.5) 



2-5 



n-1 



(a) (2.4) a/n-l(§n-l> 

< 2H n - 1 (C v ) < 



4 • ' 

which is a contradiction (here we used the fact that, though the sphere is curved, for a 
sufficiently small the (n— l)-volume of B ri (et) flS™" 1 is at least 2~ 1 5~ n+1 times the volume 
of B 5r -(ei) R S™ -1 ). Having chosen ei $ Cy, we have e; G" Ck for every fc, which in turn 
implies (2.2). □ 

2.1.2. Proof of the existence of Let A = {ei,...e/j} be a set satisfying the 
conclusion of Lemma 2.3 and set iV = Q h. Fix T G ^g(M n ), T = £\ [-P*]- For any e z G A, 
we consider the Q projections of the points Pj on the e/ direction, that is Pi - This gives 
an array of Q numbers, which we rearrange in increasing order, getting a Q- dimensional 
vector tt,(T). The map £ : ^4q — > is, then, defined by £(T) = /^(vr^T), . . . , 7r ft (T)). 

The Lipschitz regularity of £ is a trivial corollary of the following rearrangement in- 
equality: 

(Re) if ai < . . . < a n and b\ < . . . < b n , then, for every permutation a of the indices, 
(a t - 6i) 2 H h (a B - ^n) 2 < (ai - ^(i)) 2 H h (a n - & CT („)) 2 . 

Indeed, fix two points T = £\ [Pj] and S = £V V^il an d assume, without loss of generality, 
that 

^(T,5) 2 = ^|P-P,| 2 . (2.6) 

i 

Fix an I. Then, by (Re), |ttj(T) - Tr^S)] 2 < £((P ~ R i) ' e «) 2 - Hence > we § et 

- £(s)i 2 < ± £ f^((p - ik) ■ e/ ) 2 <^EEi p *-^i 2 

i=l i=l J=l i=l 



(2.6)1 



, -^^(T,5) 2 = ^(T,5) 2 . 

Next, we conclude the proof by showing, for T = £\ [p] and S 1 = ^ [Pi], the inequality 

g(T,S)<— \t(T)-t(S)\, (2.7) 
a 

where a is the constant in Lemma 2.3. Consider, indeed, the Q 2 vectors Pj — Rj, for 
i, j G {1, . . . , Q}. By Lemma 2.3, we can select a unit vector e ( 6 A such that 

KP-P.O-e,! talPi-Rj], for all j G {1, . . . , Q}. (2.8) 

Let r and A be permutations such that 

tt;(T) = (P t(1) • ej, . . . , P T (Q) • ej) and 717 (S) = (P A(1) • e h . . . , R X ( Q ) ■ e z ). 
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Then, we conclude (2.7), 

Q (2 8)^ 

Q(T, S) 2 < \ p ru - Rxo)\ 2 < or 2 - R m) • = a ~ 2 \*i( T ) ~ MS)\ 2 

i=l i=l 

< a' 2 h \£(T) ~ t(S)\ 2 ■ 

2.1.3. Proof of Corollary 2.2. Let A = {ei,...e^} be the set of unit vectors in 
the proof of Theorem 2.1. We consider the enlarged set r of nh vectors containing an 
orthonormal frame for each e\ G A, 

r = {e}, . . . , e", . . . , e h , . . . , e£}, 

where, for every a G {1, . . . , h}, = e Q and {e„, . . . , e™} is an orthonormal basis of M n . 
Note that, in principle, the vectors ef may not be all distinct: this can happen, for example, 
if there exist two vectors ej and e\ which are orthogonal. Nevertheless, we can assume, 
without loss of generality, that T is made of nh distinct vectors (in passing, this is can 
always be reached by perturbing slightly A). 

Then, we define the map £bw in the same way as £, with V replacing A: for T = J2i [-Pj] > 

£bw(T) = h^ 2 (^(T), . . . , <(T), . . . , tt£(T) . . . , <(T)) , 

where 7rf (T) is the array of Q scalar products Pj ■ ef rearranged in increasing order. 

Clearly, £ BW satisfies the conclusion of Theorem 2.1. We need only to show (2.1). 

To this aim, we start noticing that, given T = £\ [P] G Aq, there exists 5 > 
with the following property: for every S = £\ [Pj] G B$(T) and every 7rf , assuming that 
(?(T, 5*) 2 = J2i \Pi~ Ri\ 2 , there exists a permutation erf G such that the arrays (P, ■ ef ) 
and (Pj • ef ) are ordered increasingly by the same permutation erf, i.e. 

^iT) = (P CT , (1) - eg, ... , P^ ■ ef) and vrf (S) = (P ff , (1) -eg,..., P CT , (Q) • eg) . 

It is enough to choose 4 5 = mina^ {|p • ef — Pj ■ ef | : p ■ ef 7^ P, ■ e^}. Indeed, let us 
assume that Pj • ef < P., • ef . Then, two cases occur: 

(a) P, • ef - P, • ef > 25, 

(b) R 3 25. 

In case (a), since S G P>s(T), we deduce that Pi • ef < Pj • eg + 5 < Rj • eg — 5 < Pj ■ eg . 
In case (b), instead, we infer that \Pj ■ ef — Pj • e£| < Pj • ef + 5 — Pi • ef — 5 < 4 5, 
which, in turn, by the choice of 5, leads to Pj ■ ef = Pj • eg. Hence, in both cases we have 
P%' &a — Pj ' e «' w hich means that Pj • eg can be ordered in increasing way by the same 
permutation erf. 
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Therefore, exploiting the fact that the vectors 7rf(T) and 7rf (S) are ordered by the 
same permutation erf, we have that, for T and S as above, it holds 

h n 

\Zbw(T) - Zbw(S)\ 2 = /T 1 \<W - ^(S)\ 2 

a=l (3=1 

h n Q h Q 

= E E E ■ e 2 - a Sw ■ ^i 2 = ^ E E \ p > - ^ 

a=l p=l i=l o=l i=l 

h 

= h~ 1 Y,G{T, S) 2 = G{T, S) 2 . 

a=l 

This concludes the proof of the corollary. 

2.2. Properties of Q-valued Sobolev functions 

In this section we prove some of the basic properties of Sobolev Q-functions which will 
be used in the proofs of the regularity theorems. It is clear that, using one can identify 
measurable, Lipschitz and Holder Q-valued functions / with the corresponding maps £ o / 
into M. N , which are, respectively, measurable, Lipschitz, Holder functions taking values in 
Q a.e. We now show that the same holds for the Sobolev classes of Definition 0.5. 

Theorem 2.4. Let £ be the map of Theorem 2.1. Then, a Q -valued function f belongs 
to the Sobolev space W l,p (Q, Aq) according to Definition 0.5 if and only if£of belongs to 
W 1,p (fl, R ). Moreover, there exists a constant C = C(n,Q) such that 

\D(£of)\ < \Df\ < C\D(£of)\. 

PROOF. Let / be a Q-valued function such that g = £ o / £ W 1,p (il,R N ). Note that 
the map : Q 3 y * Q($~ 1 (y),T) is Lipschitz, with a Lipschitz constant C that can 
be bounded independently of T £ Aq. Therefore, Q(f, T) = T T o g is a Sobolev function 
and \dj (Tt ° g)\ < C\djg\ for every T £ Aq. So, / fulfils the requirements (i) and (ii) of 
Definition 0.5, with tpj = C \djg\, from which, in particular, \Df\ < C \D(£ o f)\. 

Vice versa, assume that / is in W 1)P (VL, Aq) and let tfj be as in Definition 0.5. Choose 
a countable dense subset {Ti} i( zN of Aq, and recall that any Lipschitz real- valued function 
$ on Aq can be written as 

$(-) = sup{$(T i )-Lip($) Q(-,T t )}. 

This implies that dj (<& o /) £ LP with |c?j($o/)| < Lip($) tpj. Therefore, since Q is 
bounded, $ o / £ W 1,p (fi). Being £ a Lipschitz map with Lip(£) < 1, we conclude that 
£of £ W^C^R^) with |Z>(£o/)| < \Df\. □ 

We now use the theorem above to transfer in a straightforward way several classi- 
cal properties of Sobolev spaces to the framework of Q-valued mappings. In particular, 
in the subsequent subsections we deal with Lusin type approximations, trace theorems, 
Sobolev and Poincare inequalities, and Campanato-Morrey estimates. Finally Subsection 
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2.2.5 contains a useful technical lemma estimating the energy of interpolating functions on 
spherical shells. 

2.2.1. Lipschitz approximation and approximate differentiability. We start 
with the Lipschitz approximation property for Q-valued Sobolev functions. 

Proposition 2.5 (Lipschitz approximation). Let f be in W l,p (Q, Aq). For every 
A > 0, there exists a Lipschitz Q-function fx such that Lip (fx) < A and 

\{xen : f(x)^f x (x)}\ <y p I {\Df\*> + g(f,Qmy), (2.9) 

J C2 

where the constant C depends only on Q, m and Q. 

Proof. Consider £o/: by the Lusin-type approximation theorem for classical Sobolev 
functions (see, for instance, [AF88] or 6.6.3 of [EG92]), there exists a Lipschitz function 
h x : n -> R N such that \{x G Q : $, o f(x) ^ h x (x)}\ < (C/\ p ) \\£ o f\\ p whp . Clearly, the 
function fx = o p o hx has the desired property. □ 

A direct corollary of the Lipschitz approximation and of Theorem 1.13 is that any 
Sobolev Q-valued map is approximately differentiable almost everywhere. 

Definition 2.6 (Approximate Differentiability). A Q- valued function / is approxi- 
mately differentiable in xq if there exists a measurable subset Q C Q containing xq such 
that Cl has density 1 at Xq and f\^ is differentiable at xq. 

Corollary 2.7. Any f G W 1,p (Q, Aq) is approximately differentiable a.e. 

The approximate differential of / at xo can then be defined as D(f\^) because it is 
independent of the set Cl. With a slight abuse of notation, we will denote it by Df, as 
the classical differential. Similarly, we can define the approximate directional derivatives. 
Moreover, for these quantities we use the notation of Section 1.3, that is 

Df = J2lDM and d v f = ^ R/i] , 

i i 

with the same convention as in Remark 1.11, i.e. the first-order approximation is given by 
T xJ = Ei IfiM + Dfi(x ) ■ (x - x )]. 

Proof of Corollary 2.7. For every k G N, choose a Lipschitz function f k such 
that Q \ Qk '■= {/ 7^ fk} has measure smaller than k~ p . By Rademacher's Theorem 1.13, 
fi, is differentiable a.e. on Q. Thus, / is approximately differentiable at a.e. point of f^. 
Since \Q \ U^kl — 0, this completes the proof. □ 

Finally, observe that the chain-rule formulas of Proposition 1.12 have an obvious ex- 
tension to approximate differentiable functions. 

Proposition 2.8. Let f : Q — > ^.g(lR n ) be approximate differentiable at x . If ^ and 
F are as in Proposition 1.12, then (1.16) and (1.17) holds. Moreover, (1.15) holds when 
$ is a diffeomorphism. 

Proof. The proof follows trivially from Proposition 1.12 and Definition 2.6. □ 
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2.2.2. Trace properties. Next, we show that the trace of a Sobolev Q-function as 
defined in Definition 0.7 corresponds to the classical trace for £ o /. First we introduce the 
definition of weak convergence for Q- valued functions. 

Definition 2.9 (Weak convergence). Let f k ,f G W l ' p (VL, Aq). We say that f k con- 
verges weakly to / for k — * oo, (and we write /& — /) in W 1,P (Q, Aq), if 

(i) /0(/ fc ,/)*-O,forA;-oo; 

(ii) there exists a constant C such that f \Dfk\ p < C < oo for every k. 

Proposition 2.10 (Trace of Sobolev Q-functions) . Let f e W 1,p (£1,Aq). Then, there 
is a unique function g G L p (dQ, Aq) such that f\gn = g in the sense of Definition 0.7. 
Moreover, f\gQ = g if and only if £of\ 9Q = £og in the usual sense, and the set of mappings 

W l g ' 2 {n, A Q ) := {/ G W^Aq) : /Ian = g) (2.10) 

is sequentially weakly closed in W l,p . 

Proof. For what concerns the existence, let g = £~ x (£ o f\gn). Since ^ o f\ 9n = £ o g, 
for every Lipschitz real- valued map $ on Q, we clearly have $ o ^ o f\ dn = $o£og. Since 
Tt(-) := ^(^~ 1 (-) ; T) is a Lipschitz map on Q for every T G Aq, we conclude that f\gn = g 
in the sense of Definition 0.7. 

The uniqueness is an easy consequence of the following observation: if h and g are maps 
in L p (dQ, Aq) such that Q{h(x),T) = Q(g(x),T) for 7i n_1 -a.e. x and for every T G Aq, 
then h = g. Indeed, fixed a countable dense subset {Tj}j £ N of Aq, we have 

g(h(x),g(x)) =sup\g(h(x),T t )-g(g(x),T t )\=0 ft^-a.e. 

i 

The last statement of the proposition follows easily and the proof is left to the reader. □ 

2.2.3. Sobolev and Poincare inequalities. As usual, for p < m we set \ — - — -. 

Proposition 2.11 (Sobolev Embeddings). The following embeddings hold: 
(i) if p < m, then W 1,P {VL, Aq) C L q {VL,Ao) for every q G and the inclusion 

is compact when q < p* ; 
(ii) if p = m, then W 1,P (Q, Aq) C L q (Q, Aq), for every q G [l,+oo) , with compact 
inclusion; 

(in) if p > m, then W l,p (Q, Aq) C C 0,a (Q, Aq) , for a = 1 — ^, with compact inclusion. 

Proof. Since / is a L q (resp. Holder) Q-function if and only if £ o / is L q (resp. 
Holder), the proposition follows trivially from Theorem 2.4 and the Sobolev embeddings 
for £ o / (see, for example, [Ada75] or [Zie89]). □ 

Proposition 2.12 (Poincare inequality). Let M be a connected bounded Lipschitz open 
set of an m- dimensional Riemannian manifold and let p < m. There exists a constant 
C = C(p, m, n, Q, M) with the following property: for every f G W 1,P (M, Aq), there exists 
a point f G Aq such that 

(i/ (/J) *T - c (X |jD/r )' '■ (2 ' n) 



26 2. ALMGREN'S EXTRINSIC THEORY 

Remark 2.13. Note that the point / in the Poincare inequality is not uniquely deter- 
mined. Nevertheless, in analogy with the classical setting, we call it a mean for /. 

Proof. Set h := £ o / : M -> Q c R N . By Theorem 2.4, h G W 1,P (M, R^). Recalling 
the classical Poincare inequality (see, for instance, [Ada75] or [Zie89]), there exists a 
constant C = C(p, m, M) such that, if h = §- M h, then 

h(x)-hfdx) <C[ f \Dh\ p ) . (2.12) 

Let now v G Q be such that /i — u = dist (h, Q) (v exists because Q is closed). Then, 
since h takes values in Q almost everywhere, by (2.12) we infer 

i 

\P~ , \ p . I I iy- / v \p" 



\h-v[ dx) < / ^ <C / . (2.13) 

M / \>/M / \Jm J 

Therefore, using (2.12) and (2.13), we end up with 

\\h - v\\ LP * <\\h- h\\ LP * + \\h - v\\ LP * <2C \\Dh\\ LP . 

Hence, it is immediate to verify, using the biLipschitz continuity of that (2.11) is satisfied 
with / = £~ 1 {v) and a constant C(p,m,n,Q, M). □ 

2.2.4. Campanato— Morrey estimates. We prove next the Campanato-Morrey es- 
timates for Q-functions, a crucial tool in the proof of Theorem 0.9. 

Proposition 2.14. Let f e W 1 ' 2 (Bi,Aq) and a e (0, 1] be such that 

/ \Df\ 2 < Ar m - 2+2a for every y G B x and a.e. r e]0, 1 - \y\[. 

JB r {y) 

Then, for every < 5 < 1, there is a constant C = C(m, n, Q, 5) with 

sn P _^M^l =: [f] c0 , a(m <CVA. (2.14) 

Proof. Consider £ o /: as shown in Theorem 2.4, there exists a constant C depending 
on Lip(£) and Lip(^ _1 ) such that 



! \D(£o f)(x)\ 2 dx < CAr 

JBr{y) 



m-2+2a 



Hence, the usual Campanato-Morrey estimates (see, for example, 3.2 in [HL97]) provide 
the existence of a constant C = C(m, a, 5) such that 

|£ o f(x) — £ o f(y)\ < C VA \x — y\ a for every x, y G 
Thus, composing with we conclude the desired estimate (2.14). □ 
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2.2.5. A technical Lemma. This last subsection contains a technical lemma which 
estimates the Dirichlet energy of an interpolation between two functions defined on concen- 
tric spheres. The lemma is particularly useful to construct competitors for Dir-minimizing 
maps. 

Lemma 2.15 (Interpolation Lemma). There is a constant C = C(m,n,Q) with the 
following property. Let r > 0, g G W l ' 2 (dB r , Aq) and f G W 1,2 (dB r ^_ e ^, Aq). Then, 
there exists h G W 1,2 (B r \ £ r (i_ E ), Aq) such that h\gB r = g, h\dB r(1 _ e) = f and 

Div(h, B r \ B r{1 _ e) ) <Cer [Dir(<7, dB r ) + Dir(/, dB r{1 _ e) )} + 

[ g(g(x)J((l-e)x)) 2 dx. (2.15) 

J dB r 

Proof. By a scaling argument, it is enough to prove the lemma for r — 1. As usual, 
we consider ip = £ o g and ip = £ o f. For x G dB\ and t G [1 — e, 1], we define 

= (t-l+e)#r) + (l-tM(l-e)s) ^ 

and $ = po$. It is straightforward to verify that $ belongs to W 1,2 (Bi \ Bi_ £ , Q). More- 
over, the Lipschitz continuity of p and an easy computation yield the following estimate, 



+ 

er 



,2 



D$| < C / \D<& 

1 



2 



ijj{x) -(f{{l-e)x) 2 



dx dt 



<C I I ( |^(x)| 2 + |^(x)| 2 + 

'l-e J dBi 

= Ce{Dir(^,9Si) +Dir(p,0£ 1 _ e )} + 
+ CE- 1 [ \i){x)-^{{l-e)x)\ 2 dx, 

where d T denotes the tangential derivative. Consider, finally, h = o $: (2.15) follows 
easily from the biLipschitz continuity of □ 

The following is a straightforward corollary. 

Corollary 2.16. There exists a constant C = C(m, n, Q) with the following property. 
For every g G W 1,2 (dB 1 , Aq), there is h G W 1 ' 2 (B 1 ,Aq) with h\d Bl = g and 

DiT(h,B 1 )<CDii(g 1 dB 1 ) + C f G(g,Qp}) 2 . 

JdBi 

2.3. Existence of Dir-minimizing Q-valued functions 



In this section we prove Theorem 0.8. We first remark that Almgren's definition of 
Dirichlet energy differs from ours. More precisely, using our notations, Almgren's definition 
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of the Dirichlet energy is simply 

f E Wi{x)\ 3 dx, (2.16) 
Jn . , n 

i—l, ...,Q 
j=l,...,m 

where djfi are the approximate partial derivatives of Definition 2.6, which exist almost 
everywhere thanks to Corollary 2.7. Moreover, (2.16) makes sense because the integrand 
does not depend upon the particular selection chosen for /. Before proving Theorem 0.8 
we will show that our Dirichlet energy coincides with Almgren's. 

Proposition 2.17 (Equivalence of the definitions). For every f £ W 1 > 2 (VL,Aq) and 
every j — 1, . . . , m, we have 

i^/r=Ei^i 2 a - e - ( 2 - 17 ) 

i 

Therefore the Dirichlet energy Dir(/, Q) of Definition 0.6 coincides with (2.16). 

Remark 2.18. Fix a point Xo of approximate differentiability for / and consider 
T Xo (x) = lfi( x o) + Dfi(xo) ■ (x — xo)] its first order approximation at xq. Note that the 
integrand in (2.16) coincides with £\ \Dfi(xo)\ 2 (where \L\ denotes the Hilbert-Schmidt 
norm of the matrix L) and it is independent of the orthonormal coordinate system cho- 
sen for M. m . Thus, Proposition 2.17 (and its obvious counterpart when the domain is a 
Riemannian manifold) implies that Dir(/, Q) is as well independent of this choice. 

Remark 2.19. In the sequel, we will often use the following notation: given a Q-point 
TeAQ$l n ),T = Y,dP& we set 

\T\ 2 :=g(T,QlO}) 2 = J2\P*\ 2 - 

i 

In the same fashion, for / : Q — > Aq, we define the function |/| : — > IR by setting 
\f\(x) = \f(x)\. Then, Proposition 2.17 asserts that, since we understand Df and djf 
as maps into, respectively, AQ(M. nxm ) and Aq(M. u ), this notation is consistent with the 
definitions of \Df\ and \djf\ given in (0.3) and (0.2). 

The Dirichlet energy of a function / £ W 1,2 can be recovered, moreover, as the energy 
of the composition ^bw ° /, where $,bw is the biLipschitz embedding in Corollary 2.2 
(compare with Theorem 2.4). 

Proposition 2.20. For every f £ W l > 2 {Q,A Q ), it holds \Df\ = \D(£ BW o f)\ a.e. In 
particular, Dir(/, fi) = J Q \D(£ BW o f)\ 2 . 

Although this proposition gives a great intuition about the energy of Q- valued functions, 
as already pointed out, we will not use it in the rest of the paper, the reason being that, 
the theory is in fact independent of the biLipschitz embedding. 
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2.3.1. Proof the equivalence of the definitions. 

Proof of Proposition 2.17. We recall the definition of \djf\ and \Df\ given in 
(0.2) and (0.3): chosen a countable dense set {TJ}j 6 n C Aq, we define 

m 

\d j f\= B aj>\d s g(f,T l )\ and \Df\ 2 := £ M? ■ 



By Proposition 2.5, we can consider a sequence g = Y2i=i [%J °f Lipschitz functions with 
the property that \{g k ^ f}\ < l/k. Note that \djf \ = \d jg k \ and £ ( |%f | 2 = £\ Ify/i] 2 
almost everywhere on {g k — /}. Thus, it suffices to prove the proposition for each Lipschitz 
function g fc . 

Therefore, we assume from now on that / is Lipschitz. Note next that on the set 
Ei = {x G f2 : f(x) = Ti} both \djf\ and ^ |<9j/i| 2 vanish a.e. Hence, it suffices to show 
(2.17) on any point x where / and all G(f,T{) are differentiable and f(x ) ^ {P;}zgn- 

Fix such a point, which, without loss of generality, we can assume to be the origin, 
xq = 0. Let To/ be the first oder approximation of / at 0. Since Q(-,Ti) is a Lipschitz 
function, we have Q(f(y),T{) = G(T f(y),Ti) + o(\y\). Therefore, g(y) := G(T f(y),T{) is 
differentiable at and %(0) = <9,£(f, P,)(0)- 

We assume, without loss of generality, that £(/(0), 7)) 2 = £\ |/<(0) - P| 2 , where 
T; = ^ [Pj]. Next, we consider the function 



h(y):=JY,\M°) +D M°)-y- p i\ 2 - 

Then, g < h. Since /i(0) = <?(0), we conclude that h — g has a minimum at 0. Recall that 
both h and g are differentiable at and h(0) = g(0). Thus, we conclude V/i(0) = Vg(0), 
which in turn yields the identity 

^(/,T ; )(0) = d j9 (0) = &/i(0) = y (^( °) - P ') • M j°J> , (2.18) 

Using the Cauchy-Schwartz inequality and (2.18), we deduce that 

\d,f\(0) 2 = sup T,)(0)| 2 < £ |<9^(0)| 2 . (2.19) 

If the right hand side of (2.19) vanishes, then we clearly have equality. Otherwise, 
let Qi = fi(0) + Xdjfi(0), where A is a small constant to be chosen later, and consider 
T = J2 i IQiJ. Since {T{\ is a dense subset of Aq, for every e > we can find a point 
Ti = I^i] such that 

P i = /.(0) + A fy/^O) + A R u with \Ri\ < e for every z. 

Now we choose A and e small enough to ensure that G(f(0), P/) 2 = X)i — -F^ | 2 (indeed, 
recall that, if /i(0) = /fc(0), then djfi(0) = djfk(0)). So, we can repeat the computation 
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above and deduce that 



E 



(fi(0)- Pi) -dim 



E 



(djfiM + Rj) -ditto) 




□ 



Proof of Proposition 2.20. As for Proposition 2.17, it is enough to show the 
proposition for a Lipschitz function /. We prove that the functions \Df\ and \D(£ BW o /)| 
coincide on each point of differentiability of /. 

Let xq be such a point and let T Xo f(x) = ^ lfi{xo) + Dfi(xo) ■ (x — xq)J be the first 
order expansion of / in xq. Since Q(f(x),T Xo f(x)) = o(\x — xo\) and Lip (£bw) — lj h is 
enough to prove that \Df\(x ) = \D(£ B w °T Xo f)(x )\. 

Using the fact that Dfi(xo) = Dfj(x ) when tt x o) = fj( x o)i it follows easily that, for 
every x with \x — Xq\ small enough, 



Hence, since £bw is an isometry in a neighborhood of each point, for \x — xq\ small enough, 
we infer that 



For x = tej + Xq in (2.20), where the e^-'s are the canonical basis in M m , taking the limit 
as t goes to zero, we obtain that 



Summing in j and using Proposition 2.17, we conclude that \Df\(xo) = \D(£ B w T Xo f)(xo)\, 



2.3.2. Proof of Theorem 0.8. Let g e W 1>2 (Q,Aq) be given. Thanks to Proposi- 
tions 2.10 and 2.11, it suffices to verify the sequential weak lower semicontinuity of the 
Dirichlet energy. To this aim, let fk — ^ f in W 1,2 (Vt, Aq): we want to show that 



G(T x J(x), f(x )) 2 = \Dfi{x ) ■ (x - x )\ 2 . 




(2.20) 



\0^bw o T xo f)(x )\ 2 = \djfi\ 2 (xo). 



which concludes the proof. 



□ 




Let {T;} ieN be a dense subset of Aq and recall that \djf\ 2 = swp l (^djQ(f,Ti)) . Thus, if we 
set 



h j,N = pax (djS(f, Ti)) 2 , 
ie{i,...,N\ v ' 
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we conclude that hj ; N | \djf\ 2 . Next, for every N, denote by Vn the collections P = {E{\f =l 
of N disjoint measurable subsets of Q. Clearly, it holds 

h jjN = sup (9jG(f, T[)) 2 l El . 
p&v e~^p 

By the Monotone Convergence Theorem, we conclude 

m „ m „ 

Dir(/, A) = SU P / ^V = E SU P SU P E / iWf> T i)Y- 
j=i N T^i N rePx^JBk 

Fix now a partition . . . , Fn} such that, for a given e > 0, 

E / ( 9 Mf,Ti)) 2 > sup £ / (a,0(/,T,)) 2 - e . 

Then, we can find compact sets . . . , Kn} with ifj C Fi and 

E / (W/^i)) a > sup J2 [ (d j g(f,T l )) 2 -2e. 
} JKi PeV NEiep J El 

Since the K^s are disjoint compact sets, we can find disjoint open sets Ui D K\. So, denote 
by On the collections of N pairwise disjoint open sets of Q. We conclude 

m „ m „ 

Dir(f,fi)=^sup / hl N = J2^P sup V / [djQ&Ti)) 2 . (2.22) 

Note that, since 0(/ fc ,T,) -> strongly in L 2 (fi), then d^U'k^) -± 5^(/,T z ) in 

L 2 (U) for every open 17 C fi. Hence, for every iV and every P £ we have 

V / (^(/,T i )) 2 <liminf V / (9^(/ fc ,T z )) 2 <liminf / |^/ fc | 2 . 

Taking the supremum in On and in N, and then summing in j, in view of (2.22), we 
achieve (2.21). 



CHAPTER 3 



Regularity theory 



This chapter is devoted to the proofs of the two Regularity Theorems 0.9 and 0.11. In 
Section 3.1 we derive some Euler-Lagrange conditions for Dir-minimizers, whereas in Sec- 
tion 3.2 we prove a maximum principle for Q-valued functions. Using these two results, we 
prove Theorem 0.9 in Section 3.3. Then, in Section 3.4 we introduce Almgren's frequency 
function and prove his fundamental estimate. The frequency function is the main tool 
for the blow-up analysis of Section 3.5, which gives useful information on the rescalings of 
Dir-minimizing Q-functions. Finally, in Section 3.6 we combine this analysis with a version 
of Federer's reduction argument to prove Theorem 0.11. 



There are two natural types of variations that can be used to perturb Dir-minimizing 
Q-valued functions. The first ones, which we call inner variations, are generated by right 
compositions with diffeomorphisms of the domain. The second, which we call outer varia- 
tions, correspond to "left compositions" as defined in Subsection 1.3.1. More precisely, let 
/ be a Dir-minimizing Q- valued map. 

(IV) Given ip e C^°(ft,IR m ), for e sufficiently small, x \— > $ £ (x) = x + etp(x) is a 
diffeomorphism of ft which leaves <9ft fixed. Therefore, 



(OV) Given i/j e C°°(ft x R n ,R n ) such that supp (if)) C ft' x R n for some ft' CC ft, we 
set V e (x) = £V lfi(x) + eip(x, fi(x))j and derive 



3.1. First variations 




(3.1) 




(3.2) 



The identities (3.1) and (3.2) lead to the following proposition. 
Proposition 3.1 (First variations). For every ip e C£°(f2,R : 



m 



) , we have 



0. 



(3.3) 



For every if> G C°°(Q X x M", W 1 ) such that 



supp (i/j) C 11' x 1" for some ft' CC ft, 



33 



34 3. REGULARITY THEORY 

and 



\D u ip\<C < oo and + \D x i()\ < C (1 + |«|) , (3.4) 



we have 

J J2{Dfi(x):D x ijj(xJ i (x)))dx + J J2(Dfi(x) : D u ^(xj i (x))-Df i (x))dx = 0. (3.5) 

i i 

Testing (3.3) and (3.5) with suitable ip and ip, we get two key identities. In what 
follows, v will always denote the outer unit normal on the boundary OB of a given ball. 

Proposition 3.2. Let x e CI. Then, for a.e. < r < dist(x,dCl), we have 

(m-2) [ \Df\ 2 = r [ \Df\ 2 - 2r [ £ \d u f t \ 2 , (3.6) 

JB r (x) JdB r (x) JdB r (x) i 

[ \Df\ 2 =[ 52(9ufi,fi). (3-7) 

JB r (x) JdB r (x) i 

Remark 3.3. The identities (3.6) and (3.7) are classical facts for M n -valued harmonic 
maps /, which can be derived from the Laplace equation Af = 0. 

3.1.1. Proof of Proposition 3.1. We apply formula (1.15) of Proposition 2.8 to 
compute 

D(f o $ £ )(x) = l D fi(* + WW) + 4Dfi(x + e<p{x))] ■ Dip{x)\ . (3.8) 



For e sufficiently small, $ e is a diffeomorphism. We denote by its inverse. Then, 
inserting (3.8) in (3.3), changing variables in the integral (x = Q~ l (y)) and differentiating 
in e, we get 

f \ D fi(v) + £D fi ■ D^\y))\ 2 det (D^\y)) dy 



de 



£=0 Jn 



= 2 [^{DfiM-.Df^-Dtpiy^dy- J ^ \Df t (y)\ 2 div <p(y) dy. 

i i 

This shows (3.3). As for (3.5), using (1.16) and then differentiating in e, the proof is 
straightforward (the hypotheses in (3.4) ensure the summability of the various integrands 
involved in the computation). 

3.1.2. Proof of Proposition 3.2. Without loss of generality, we assume x = 0. We 
test (3.3) with a function if of the form <p(x) = 4>(\x\) x, where is a function in C°°([0, oo)), 
with (f) = on [r, oo), r < dist(0, dCl), and = 1 in a neighborhood of 0. Then, 

Dtp(x) =0(|x|) Id +<p'(\x\)x ® -A and div<p(x) =m<j>(\x\) + \x\<f/(\x\), (3.9) 

\x\ 

where Id denotes the m x m identity matrix. Note that 

\x\ 
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Then, inserting (3.9) into (3.3), we get 

= 2 I \Df{x)\ 2 <P{\x\)dx + 2 [J2\dvfi(x)\ 2 <t>'(\x\)\x\dx 
J i=i 

-m J \Df(x)\ 2 <f)(\x\)dx- J \Df{x)\ 2 (j)'{\x\)\x\dx. 
By a standard approximation procedure, it is easy to see that we can test with 

^ = ^ := { l n(r-t) fo^-l/n<"'<r. (3 - 10) 
With this choice we get 

0=(2-m) / \Df(x)\ 2 cf> n (\x\)dx-- [ V ^(x)! 2 |x| dx 



i — l/n i=l 



+ - / |D/(x)| 2 |x|cix. 



n 



B r \B r _ 1 / Ti 



Let n t oo- Then, the first integral converges towards (2 — m) j B \Df\ 2 . As for the second 
and third integral, for a.e. r, they converge, respectively, to 



-r 



f f>^| 2 and r / \Df\ 2 . 
J a B r i=1 J 8 B r 



Thus, we conclude (3.6). 

Similarly, test (3.5) with ijj(x,u) = (f){\x\)u. Then, 



D u i/j(x,u) = 0(H) Id and D x ijj(x, u) = <j>'(\x\) u ® ^-r . (3.11) 

\x\ 

Inserting (3.11) into (3.5) and differentiating in e, we get 

0= I \Df{x)\ 2 <P{\x\)dx+ [J2(fi(x),d»^))4>'(\x\)dx. 
J •> i=i 

Therefore, choosing (ft as in (3.10), we can argue as above and, for n | oo, we conclude 
(3.7). 



3.2. A maximum principle for Q- valued functions 

The two propositions of this section play a key role in the proof of the Holder regularity 
for Dir-minimizing Q-functions when the domain has dimension strictly larger than two. 
Before stating them, we introduce two important functions on AqIMJ 1 ). 
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Definition 3.4 (Diameter and separation). Let T = i {Pi} e <Aq- The diameter and 
the separation of T are defined, respectively, as 

d(T) := max \P, t - Pj | and s(T) := min { |i* - P, 1 : P ^ R- } , 

with the convention that s(T) = +oo if T = Q [PJ. 

The following proposition is an elementary extension of the usual maximum principle 
for harmonic functions. 

Proposition 3.5 (Maximum Principle). Let f : — > Aq be Dir -minimizing, T G «4q 
and r < s(T)/4. Then, Q(f(x),T) < r for TV 71 ^ 1 -a.e. x G <9f2 implies that Q(f,T) < r 
almost everywhere on Q. 

The next proposition allows to decompose Dir-minimizing functions and, hence, to 
argue inductively on the number of values. Its proof is based on Proposition 3.5 and a 
simple combinatorial lemma. 

Proposition 3.6 (Decomposition for Dir-minimizers) . There exists a positive constant 
a(Q) > with the following property. If f : Q — > Aq is Dir -minimizing and there exists 
T G Aq such that Q(f(x),T) < a{Q) d{T) for 7{ m ~ 1 -a.e. x G dQ, then there exists a 
decomposition of f = [g] + [/i] into two simpler Dir-minimizing functions. 

3.2.1. Proof of Proposition 3.5. The proposition follows from the next lemma. 

Lemma 3.7. Let T and r be as in Proposition 3.5. Then, there exists a retraction 
d : Aq — > B r (T) such that 

(i) 0(0(Si),0(S 2 )) < G(S 1 , S 2 ) if SxjB^r), 
(ii) $(S) = S for every S G B r (T). 

We assume the lemma for the moment and argue by contradiction for Proposition 3.5. 
We assume, therefore, the existence of a Dir-minimizing / with the following properties: 

(a) f(x) G B r (T) for a.e. x G dtt; 

(b) f(x) G" B r {T) for every x G E C Q, where E is a set of positive measure. 

Therefore, there exist e > and a set E' with positive measure such that f(x) SjL B r+e (T) 
for every x G E' . By (ii) of Lemma 3.7 and (a), $ o f has the same trace as /. Moreover, 
by (z) of Lemma 3.7, \D{d o f)\ < \Df\ a.e. and, by (i) and (6), \D{d o /)| < \Df\ a.e. on 
E'. This implies Dir(-i9 o f\Q) < Dir(/, f2), contradicting the minimizing property of /. 

Proof of Lemma 3.7. First of all, we write 

j 

where | — Q % I > 4 r for every i ^ j. 
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If G(S,T) < 2r, then S = £/ =1 {Sj} with S, G B 2r (kj \Q 3 
Q{S,T) > r, then we set 

s s = E ISul , 



C Ak,- If, in addition, 



and we define 



EE 

j=l 1=1 



2r-G(T,S) 
Q(T,S) 



{Sij — Qj) + Qj 



We then extend to Aq by setting 



T if £ ^ B 2r (T), 
S if 5 G B r (T). 

It is immediate to verify that is continuous and has all the required properties. 



□ 



3.2.2. Proof of Proposition 3.6. The key idea is simple. If the separation of T were 
not too small, we could apply directly Proposition 3.5. When the separation of T is small, 
we can find a point S which is not too far from T and whose separation is sufficiently large. 
Roughly speaking, it suffices to "collapse" the points of the support of T which are too 
close. 

Lemma 3.8. For every < e < 1, we set j3(e,Q) = (e/3) 3Q . Then, for every T G Aq 
with s(T) < +oo, there exists a point S G Aq such that 

(3(e,Q)d(T)<s(S)<+oo, (3.12) 

G(S,T)<es{S). (3.13) 

Assuming Lemma 3.8, we conclude the proof of Proposition 3.6. Set e — 1/8 and 
ot(Q) = e P(e,Q) = 24~ 3<3 /8. From Lemma 3.8, we deduce the existence of an S satisfying 
(3.12) and (3.13). Then, there exists 5 > such that, for almost every x G dQ, 

s(S) 



G(f(x),S)<g(f(x),T) 



g(T, S) 3 < a(Q) d(T) 



5 ( < 2) S M 



So, we may apply Proposition 3.5 and infer that g(f(x),S) < ^p- — § for almost every 
x in Q. The decomposition of / in simpler Dir-minimizing functions is now a simple 
consequence of the definitions. More precisely, if S = ^j=i kj IQjJ e Aqi with the Q/s all 
different, then f(x) = Y2j=i lfj( x )Ji where the f/s are Dir-minimizing kj-valned functions 
with values in the balls B s (s) s (k P - {Qj})- 

Proof of Lemma 3.8. For Q < 2, we have d(T) < s(T) and it suffices to choose 
S = T. We now prove the general case by induction. Let Q > 3 and assume the lemma 
holds for Q — 1. Let T = Y^V [Pj] G Aq. Two cases can occur: 

(a) either s(T) > {e/3f Q d{T); 
{b) or s(T) < {e/3) 3Q d{T). 
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In case (a), since the separation of T is sufficiently large, the point T itself, i.e. S = T, 
fulfils (3.13) and (3.12). In the other case, since the points Pj are not all equal (s(T) < oo), 
we can take P± and P2 realizing the separation of T, i.e. 

\P, - P 2 \ = s(T) < (l) 3Q d(T). (3.14) 

Moreover, since Q > 3, we may also assume that, suppressing P 1; we do not reduce the 
diameter, i.e. that 

Q 

d(T) = d(f), where T = ^ [P] • (3.15) 

i=2 

For T, we are now in the position to use the inductive hypothesis (with e/3 in place of e). 
Hence, there exists S = Ylj=i IQjl sucn that 

(^) 3Q ^(f) <s(s) and 0(S,r) <!*(£). (3.16) 

Without loss of generality, we can assume that 

\Qi-P2\<G(S,f). (3.17) 

Therefore, S = {QiJ + {SJ G Aq satisfies (3.12) and (3.13). Indeed, since s(S) = s(S), we 
infer 

/£\3 Q (3.15) £ / £ x /„v (3.16) £ /a £ 

G) « (T) £ 5(5) «( T ) £ 3 s ( s H s(S) ' (318) 

and 

£(s,t) < g(s,f) + |Qi - Pil < g(s,f) + |Qx - p 2 | + |p 2 - Px| 

(3.14), (3.17) /£\ 3Q (3.16), (3.18) 2 £ £ 

< 2 0(S,T) + (-J d(T) < Y s(5) + - S (5) = £ S (5). 



□ 



3.3. Holder regularity 



Now we pass to prove the Holder continuity of Dir-minimizing Q-valued functions. 
Theorem 0.9 is indeed a simple consequence of the following theorem. 

Theorem 3.9. There exist constants a = a(m,Q) e]0, 1[ (with a = 4 u>/ien m = 2) 
and C = C(m,n,Q,S) with the following property. If f : — > «4q Dir -minimizing, 
then 

[/WfB^= 3up_ ^f^P <CDir(/,Q)i /or every 0<<f<l. 

The proof of Theorem 3.9 consists of two parts: the first is stated in the following 
proposition which gives the crucial estimate; the second is a standard application of the 
Campanato-Morrey estimates (see Section 2.2, Proposition 2.14). 
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Proposition 3.10. Let f e W 1,2 (B t ,Aq) be Dir -minimizing and suppose that 

g = f\ 9 B r £W 1 >\dB r ,A Q ). 

Then, we have that 

Dir(/,S r ) < C(m)rBk{g,dB r ), (3.19) 
where (7(2) = Q and C{m) < (m - 2) _1 . 

The minimizing property of / enters heavily in the proof of this last proposition, where 
the estimate is achieved by exhibiting a suitable competitor. This is easier in dimension 
2 because we can use Proposition 1.5 for g. In higher dimension the argument is more 
complicated and relies on Proposition 3.6 to argue by induction on Q. Now, assuming 
Proposition 3.10, we proceed with the proof of Theorem 3.9. 

3.3.1. Proof of Theorem 3.9. Set 

, v _ f 2Q- 1 for m = 2, 

7(raJ :- | dm)- 1 - m + 2 for m > 2, 

where C(m) is the constant in (3.19). We want to prove that 

I |£)j|2 < r m-2+ 7 J |£,j|2 f or every < r < 1. (3.20) 

Define h(r) = j B \Df\ 2 . Note that h is absolutely continuous and that 

h\r)= I \Df\ 2 > Dir(/, dB r ) for a.e. r, (3.21) 

JdBr 

where, according to Definitions 0.5 and 0.6, Dir(/, dB r ) is given by 

Dir(/,ae r )= / \d T f\ 2 , 

JdBr 

with \d T f\ 2 = \Df\ 2 — Yli=i \dufi\ 2 - Here d T and d u denote, respectively, the tangential and 
the normal derivatives. We remark further that (3.21) can be improved for m = 2. Indeed, 
in this case the outer variation formula (3.6), gives an equipartition of the Dirichlet energy 
in the radial and tangential parts, yielding 

U(r)=f \Df\^^l^>. (3.22) 

JdBr A 

Therefore, (3.21) (resp. (3.22) when m = 2) and (3.19) imply 

(m-2 + 7)/i(r) < rh'(r). (3.23) 
Integrating this differential inequality, we obtain (3.20): 

\Df\ 2 . 



[ \Df\ 2 = h(r) < r m " 2+7 h(l) = r m " 2+7 f 

J B r JBx 



Now we can use the Campanato-Morrey estimates for Q-valued functions given in 
Proposition 2.14 in order to conclude the Holder continuity of / with exponent a — Z. 
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3.3.2. Proof of Proposition 3.10: the planar case. It is enough to prove (3.19) 
for r = 1, because the general case follows from an easy scaling argument. We first prove 
the following simple lemma. 

Remark 3.11. In this subsection we introduce a complex notation which will be also 
useful later. We identify the plane M? with C and therefore we regard the unit disk as 

D = {z G C : \z\ < 1} = {re w : < r < 1, 9 G R} 

and the unit circle as 

S 1 = dB = {z G C : \z\ = 1} = {e ie : 9 G K}. 
Lemma 3.12. Let Q G W 1,2 (V>, M. n ) and consider the Q -valued function f defined by 

m = E ic(*)i • 

zQ=x 

Then, the function f belongs to W^ 1,2 (B, Aq) and 

Dir(/,B)= / I^CI 2 - (3.24) 
Jo 

Moreover, if (\ s i G VT 1 ' 2 ^ 1 , R n ), then f\ s i G W^^^q) and 

Dir(/| §1 ,S 1 ) = l / |«9 r C| 2 . (3.25) 

Proof. Define the following subsets of the unit disk, 
Vj = {r e ld : < r < 1, (j - 1) 2n/Q <9 <j 2tv/Q} and C = {r e ie : < r < 1, 9 ^ 0} , 
and let <pj : C — > Pj be determinations of the (5 t/l - ro °t; i- e - 

^•(re ie ) =rie i (^ +(j '- 1) ^). 

It is easily recognized that / |c = X^j [C ° fjj- So, by the invariance of the Dirichlet energy 
under conformal mappings, one deduces that / G W 1,2 (C 1 Aq) and 

Q , 
Dir(/, C) = V Dir(C o <p u C) = / |Z^C| 2 • (3.26) 
i=i ^ 

From the above argument and from (3.26), it is straightforward to infer that / belongs to 
VL 1,2 (B, Aq) and (3.24) holds. Finally, (3.25) is a simple computation left to the reader. □ 

We now prove Proposition 3.10. Let g = Z~2j=i 1.9 be a decomposition into irreducible 
fcj-functions as in Proposition 1.5. Consider, moreover, the W 1,2 functions 7j : S 1 — > W a 
"unrolling" the gj as in Proposition 1.5 (ii): 

9j(x) = £ Mz)} . 

z h i=x 

We take the harmonic extension Q of 7/ in D, and consider the /c;-valued functions f\ 
obtained "rolling" back the Q: fi(x) = z~2 z k l=x [0(^)1- The Q-function / = Yli=i IfiJ * s 



3.3. HOLDER REGULARITY 



41 



an admissible competitor for /, since = /|§i. By a simple computation on planar 
harmonic functions, it is easy to see that 

\Dd\ 2 < [ \d rll \ 2 . (3.27) 

Hence, from (3.24), (3.25) and (3.27), we easily conclude (3.19): 

j J r 

Dir(/,D) < Dir (/>) = VDir(/,,B) ( = 4) V / \DQ\ 2 
V 7 i=i i=i Jo 

(3 < ] J2 I ( = 5) ^iDirfo.S 1 ) ^ QDirfoS 1 ). 



3.3.3. Proof of Proposition 3.10: the case m > 3. To understand the strategy of 
the proof, fix a Dir-minimizing / and consider the "radial" competitor h(x) = f{x/\x\). 
An easy computation shows the inequality Dir(/i, B{) < (m — 2)~ 1 Dir(/, dBi). In order to 
find a better competitor, set f(x) = l<p(\ x \)fi( x /\ x \)J- With a slight abuse of notation, 
we will denote this function by (p(\x\) f (x / \x\) . We consider moreover functions (f which 
are 1 for t = 1 and smaller than 1 for t < 1. These competitors are, however, good only if 
fldBx is not too far from Q [0]. 

Of course, we can use competitors of the form 



E 



v + <p(\x\) /« 



(3.28) 



which are still suitable if, roughly speaking, 

(C) on dBi, f(x) is not too far from Q [u], i.e. from a point of multiplicity Q. 
A rough strategy of the proof could then be the following. We approximate f\dBi with a 
/ = + • • • + [/j] decomposed into simpler ly 1 ' 2 functions fj each of which satisfies (C). 
We interpolate on a corona Bi \ B\_§ between / and /, and we then use the competitors 
of the form (3.28) to extend / to Bis- In fact, we shall use a variant of this idea, arguing 
by induction on Q. 

Without loss of generality, we assume that 

Dk(g,dB 1 ) = l. (3.29) 

Moreover, we recall the notation \T\ and |/| introduced in Remark 1.11 and fix the following 
one for the translations: 

iive R n , then r v (T) := ^ \T t - vj , for every T = ^ [T<] G A Q . 

i i 

Step 1. Radial competitors. Let g = [Pj] G ^4q be a mean for g, so that the Poincare 
inequality in Proposition 2.12 holds, and assume that the diameter of g (see Definition 3.4) 
is smaller than a constant M > 0, 

d(g) < M. (3.30) 
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Let P = Q 1 Yl?=i Pi be the barycenter of g and consider / — Tpo f and h = Tp o g. It 
is clear that h = f\dB 1 and that h = r P (g) is a mean for h. Moreover, by (3.30), 

\h\ 2 = Y J \Pr-P\ 2 <QM 2 . 

i 

So, using the Poincare inequality, we get 

r r 9 r _ ? (3-29) 

/ \h\ 2 <2 g(h,h) +2/ \h\ < C Dir(g, dBi) + C M 2 < C M , (3.31) 

where Cm is a constant depending on M. 

We consider the Q-function f(x) := </?(|x|)/i (]fj)> where 90 is a W /1,2 ([0, 1]) function 

with (/?(1) = 1. From (3.31) and the chain-rule in Proposition 1.12, one can infer the 
following estimate: 



Df 



Ihl 2 ] [\'{r) 2 r m - 1 dr + ( [ \Dh\A [\(r) 2 r m - 3 dr 

dBi J Jo KJdB! J Jo 



< / (<p(r) 2 r m - 3 + C MV >'(r) 2 r m - 1 )dr=:I(<p). 



Since r_p(/) is a suitable competitor for /, one deduces that 

Div(f,B 1 )< inf I(<f). 

¥>(!)=! 

We notice that 1(1) = as pointed out at the beginning of the section. On the other 
hand, if = 1 cannot be a minimum for / because it does not satisfy the corresponding 
Euler-Lagrange equation. So, there exists a constant 7m > such that 

Dir(/,S!)< inf I( v ) = -^—-2 lM . (3.32) 

!P(1)=1 

In passing, we note that, when Q = 1, c/(T) = and hence this argument proves the first 
induction step of the proposition (which, however, can be proved in several other ways). 

Step 2. Splitting procedure: the inductive step. Let Q be fixed and assume that the 
proposition holds for every Q* < Q. Assume, moreover, that the diameter of g is bigger 
than a constant M > 0, which will be chosen later: 

d{g) > M 

Under these hypotheses, we want to construct a suitable competitor for /. As pointed out 
at the beginning of the proof, the strategy is to decompose / in suitable pieces in order to 
apply the inductive hypothesis. To this aim: 
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(a) let S = J2j=i kj IQjJ e Aq be given by Lemma 3.8 applied to e = and T = g, 
i.e. S such that 

PM </3d(g) < s(S) =min\Q i -Q j \, (3.33) 

g(S,g)< S -^-, (3.34) 
lb 

where (3 = (3(1/16, Q) is the constant of Lemma 3.8; 

(b) let $ : ^4q — > B a (s)/8(S) be given by Lemma 3.7 applied to T = 5 and r = ^p-. 
We define ft G W 1,2 (dBi_ v ) by ft, ((1 — rj)x) = $(g(x)), where rj > is a parameter to 
be fixed later, and take h a Dir-minimizing Q-function on B\_ n with trace ft. Then, we 
consider the following competitor, 



/ 



ft on B\_ n 

interpolation between ft and g as in Lemma 2.15, 

and we pass to estimate its Dirichlet energy. 

By Proposition 3.6, since ft has values in B s (s)/&(S), ft can be decomposed into two 
Dir-minimizing K and L- valued functions, with K,L < Q. So, by inductive hypothesis, 
there exists a positive constant £ such that 

Dir (ft, < f — ^ - CJ (1 - V) Dir(/i, 9 J B 1 _„) < (-1^ - Cj Dir(</, 950, (3.35) 

where the last inequality follows from Lip($) = 1. 

Therefore, combining (3.35) with Lemma 2.15, we can estimate 

Biv(f,B 1 ) < (-L--{ + C V )mT(g,dB 1 ) + - [ G(g,#(g))\ (3-36) 
\ / \m — i ) rj j dBl 

with C — C(n, m, Q). Note that 

Q (g,tf(g(x))) < Q (g(x),g) for every x G dB 1 , 

because, by (3.34), $(g) = g. Hence, if we define 

E := {x G dB 1 : (/(z) ^ = {x G 9S X : ^(x) £ B a(s)/8 (S)' 

the last term in (3.36) can be estimated as follows: 

/ £M(s)) 2 = / G{g,$(g)) 2 <2 [ \g{g,g) 2 + G{g,#(g))'' 

JOB! J E J E 1 

<4 / g(g,g) 2 dx < AWgig^W^lE^- 1 ^ 

J E 

< C Dir(#, dB x ) \E\ {q ~ 1)/q = C \E\ {q ~ 1)/q , (3.37) 

where the exponent q can be chosen to be (m — l)/(m — 3) if m > 3, otherwise any q < oo 
if m = 3. 
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We are left only with the estimate of \E\. Note that, for every x G E, 

S(g{x),g) > «,(«), S) - 6(5, S) <3 > f£> - fj2 = fjf> 

So, we deduce that 



> < j^l^r "< (3.38) 

Hence, collecting the bounds (3.35), (3.37) and (3.38), we conclude that 

^^•^S^-C + C,,^), (3.39) 

where C = C(n,m,Q) and v = v(m). 

Step 3. Conclusion. We are now ready to conclude. First of all, note that £ is a fixed 
positive constant given by the inductive assumption that the proposition holds for Q* < Q. 
We then choose rj so that Crj < C/2 and M so large that C/(rjM u ) < £/4, where C is 
the constant in (3.39). Therefore, the constants M, and rj depend only on n,m and Q. 
With this choice, Step 2 shows that 

Dir(/, B x ) < Dir(/, £ x ) ^ (—^ - |j DirQ?, 950, if > M; 

whereas Step 1 implies 

DirC/.BO^ (^^-2 lM )Dir(g,dB 1 ), if d(g) < M. 

This concludes the proof. 

3.4. Frequency function 

We next introduce Almgren's frequency function and prove his celebrated estimate. 

Definition 3.13 (The frequency function). Let / be a Dir- minimizing function, 
and < r < dist(x, dtt). We define the functions 

D*j(r) = I Wl 2 , #.,/(»•) = / \f\ 2 and MO = r ~^M4- ( 3 - 40 ) 

JBr(x) JdB r 



I x j is called the frequency function. 



H,,f(r) 



When x and / are clear from the context, we will often use the shorthand notation 
D(r), H(r) and I(r). 

Remark 3.14. Note that, by Theorem 3.9, \f\ 2 is a continuous function. Therefore, 
H x j(r) is a well-defined quantity for every r. Moreover, if H x j(r) = 0, then, by minimality, 
f\B r (x) = 0. So, except for this case, I x j( r ) is always well defined. 
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Theorem 3.15. Let f be Dir -minimizing and x £ Q. Either there exists g such 
that J\b (x) = or I x j{ r ) is an absolutely continuous nondecreasing positive function on 
]0, dist(x,dtt)[. 

A simple corollary of Theorem 3.15 is the existence of the limit 

4,/(0) =\iml x j(r), 

when the frequency function is defined for every r. The same computations as those in 
Theorem 3.15 yield the following two corollaries. 

Corollary 3.16. Let f be Dir -minimizing in B e . Then, = a if and only if f 

is a-homogeneous, i.e. 

f(y) = \y\ a f (t4) • (3.4i) 



Remark 3.17. In (3.41), with a slight abuse of notation, we use the following conven- 
tion (already adopted in Subsection 3.3.3). If (5 is a scalar function and / = £\ a 
Q- valued function, we denote by (3f the function £V \(3 fj\. 

Corollary 3.18. Let f be Dir -minimizing in B e . Let < r < t < g and suppose 
that Ioj{r) = I(r) is defined for every r (i.e. H{r) ^ for every r). Then, the following 
estimates hold: 



{€) for almost every r < s <t, 

_d_ 

and 



In 



H(t) 

r[-m— 1 



2I(r) 



(3.42) 



r\2/(t) H(t) H(r) /r\2/(0 Hit) 

] < ~H < 7 ) t^t; (3-43) 



t) t m ~ x ~ r™" 1 ~ \tJ t 



[ii) if I(t) > 0, then 



I(r) frym D{t) < D(rl < m«W m_ (3M) 

— ™m — 9 — \ j- I 4-m — 9 " \ * / 



I(t) \tJ t m ~ 2 ~ r m ~ 2 ~ \tJ t m ~ 2 

3.4.1. Proof of Theorem 3.15. We assume, without loss of generality, that x = 0. 
D is an absolutely continuous function and 



D'[r) = / \Df\ 2 for a.e. r. (3.45) 

J 8B r 

As for H(r), note that |/| is the composition of / with a Lipschitz function, and therefore 
belongs to W 1 ' 2 . It follows that \ f\ 2 £ W 1 ' 1 and hence that H £ W 1 ' 1 . 

In order to compute H f , note that the distributional derivative of \f\ 2 coincides with the 
approximate differential a.e. Therefore, Proposition 2.8 justifies (for a.e. r) the following 
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computation: 

H'(r) = j- [ r m ~ 1 \f(ry)\ 2 dy=(m-l)r m ~ 2 [ \f(ry)\ 2 dy + [ r^-^lfiry)] 2 dy 

ar JdB L JdB 1 JdB 1 ° r 



m — 1 



|/| 2 + 2/ /<). 

dB r J 8 B r „■ 



Using (3.6), we then conclude 

iji — i 

H'(r) = H(r) + 2D(r). (3.46) 

r 

Note, in passing, that, since H and D are continuous, H £ C 1 and (3.46) holds pointwise. 

If i/(r) = for some r, then, as already remarked, f\ Br = 0. In the opposite case, we 
conclude that I £ C n . To show that / is nondecreasing, it suffices to compute its 
derivative a.e. and prove that it is nonnegative. Using (3.45) and (3.46), we infer that 

D(r) rD'jr) , H'(r) 

1 (r) = . . H — — — r D[r 



H(r) H(r) y ' H(r) 2 

D(r) rD'(r) , .D(r) D(r) 2 

H{r) H{r) 1 > H(r) H(r) 2 

(2-m)D(r)+rD'(r) D(r) 2 r , _ 

= - — -m — -- 2r wr- fora ' e ' r - (3 - 47) 

Recalling (3.6) and (3.7) and using the Cauchy-Schwartz inequality, from (3.47) we con- 
clude that, for almost every r, 

2 ' 



J/(r) = H(rv\l '^ /|2 • / l/|2 - I / 5>^' h) I > ^ °- (3 ' 48) 
I -IdBrix) JdB r {x) \JdB r (x) ■ 

3.4.2. Proof of Corollary 3.16. Let / be a Dir-minimizing Q- valued function. Then, 
7(r) = a if and only if equality occurs in (3.48) for almost every r, i.e. if and only if there 
exist constants X r such that 

fi(y) = \ r d u fi(y), for almost every r and a.e. y with |y| = r. (3.49) 

Recalling (3.7) and using (3.49), we infer that, for such r, 

_ t( \ _ rD ( r ) = r fdB r Ei(dJiJi) (3A9) rX r J dBr Ei\M 2 
01 ^ H{r) J 9Br EM 2 IsbXM 2 

So, summarizing, J(r) = a if and only if 

fi(v) = A 9 u fi{y) for almost every y. (3.50) 

I v I 

Let us assume that (3.41) holds. Then, (3.50) is clearly satisfied and, hence, I{r) = a. 
On the other hand, assuming that the frequency is constant, we now prove (3.41). To this 
aim, let a y = {ry : < r < g} be the radius passing through y £ dB\. Note that, for 
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almost every y, f\ a G W 1 ' 2 ; so, for those y, recalling the W /1,2 -selection in Proposition 1.2, 
we can write f\ ay = J2i [/iUj , where /j]^ : [0, g] -> lR n are W 1 ' 2 functions. By (3.50), we 
infer that solves the ordinary differential equation 

Oi 

(fi\<r v )(r) = -fi\ ffv (r), for a.e. r. 

Hence, for a.e. y G dB\ and for every r G (0, g], fi\a y (r) = r a f (y), thus concluding (3.41). 

3.4.3. Proof of Corollary 3.18. The proof is a straightforward consequence of equa- 
tion (3.46). Indeed, (3.46) implies, for almost every s, 



d 

dr 



H(t)\ H'(s) (m - 1) H{s) (3.46) 2 D(s) 



^-m—l I gin—1 g-m ' 



which, in turn, gives (3.42). Integrating (3.42) and using the monotonicity of /, one obtains 
(3.43). Finally, (3.44) follows from (3.43), using the identity I(r) = . 

3.5. Blow-up of Dir-minimizing Q-valued functions 

Let / be a Q- function and assume f(y) = Q [0] and Dir(/, B e (y)) > for every g. We 
define the blow-ups of / at y in the following way, 

y/Dir(f,B e (y)) 

The main result of this section is the convergence of blow-ups of Dir-minimizing functions 
to homogeneous Dir-minimizing functions, which we call tangent functions. 

To simplify the notation, we will not display the subscript y in f y ^ when y is the origin. 

Theorem 3.19. Let f e W 1 ' 2 (B 1 ,Aq) be Dir-minimizing. Assume /(0) = Q [0] and 
Dir(/, B e ) > for every g < 1. Then, for any sequence {f gk } with p k j 0, a subsequence, 
not relabelled, converges locally uniformly to a function g : M. m —> Aq^MJ 1 ) with the following 
properties: 

(a) Dir(g,I?i) = 1 and g\n is Dir-minimizing for any bounded Q; 

(b) g(x) = \x\ a g (jjj^j, where a = Ioj(0) > is the frequency of f at 0. 

Theorem 3.19 is a direct consequence of the estimate on the frequency function and of 
the following convergence result for Dir-minimizing functions. 

Proposition 3.20. Let fk G W 1,2 (Q, Aq) be Dir-minimizing Q-functions weakly con- 
verging to f . Then, for every open Q' CC Q, f\n> is Dir-minimizing and it holds moreover 
that Dir(/, ft') = lim fc Dir(/ fc , Q') . 

Remark 3.21. In fact, a suitable modification of our proof shows that the property of 
being Dir-minimizing holds on Q. However, we never need this stronger property in the 
sequel. 

Assuming Proposition 3.20, we prove Theorem 3.19. 
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Proof of Theorem 3.19. We consider any ball B N of radius N centered at 0. It fol- 
lows from estimate (3.44) that Dir(/ e , B^) is uniformly bounded in g. Hence, the functions 
f e are all Dir-minimizing and Theorem 3.9 implies that the f Qk 's are locally equi- Holder 
continuous. Since / e (0) = <3[0], the f Q 's are also locally uniformly bounded and the 
Ascoli-Arzela theorem yields a subsequence (not relabelled) converging uniformly on com- 
pact subsets of M m to a continuous Q- valued function g. This implies easily the weak 
convergence (as defined in Definition 2.9), so we can apply Proposition 3.20 and conclude 
(a) (note that Dir(/ e , B\) = 1 for every g). Observe next that, for every r > 0, 

, . rDir(q, B r ) , rDir(f ,B T ) , or Dir( f, B or ) , , , 

JdB r \9\ J 5Br l/ e r J 8 B eP l/r 

So, (6) follows from Corollary 3.16, once we have shown that Iqj{0) > 0. Assume, by 
contradiction, that /o,/(0) = 0. Then, by what shown so far, the blowups f g converge to 
a continuous 0-homogeneous function g, with g(0) = QfOj. This implies that g = Q [0], 
against conclusion (a), namely Dir(g,I?i) = 1. □ 

Proof of Proposition 3.20. We consider the case of Q = B x : the general case is a 
routine modification of the arguments (and, besides, we never need it in the sequel). Since 
the /fc's are Dir-minimizing and, hence, locally Holder equi-continuous, and since the fkS 
converge strongly in L 2 to /, they actually converge to / uniformly on compact sets. Set 
D r = liminffc Dir(fk, B r ) and assume by contradiction that f\s r is not Dir-minimizing or 
Dir(/, B r ) < D r for some r < 1. Under this assumption, we can find ro > such that, for 
every r > r , there exist a g G W 1,2 (B r , Aq) with 

g\dB r = f\dB r and 7 r := D r - Dir(g-, B r ) > 0. (3.53) 

Fatou's Lemma implies that liminffc Dix(fk, dB r ) is finite for almost every r, 

/ lim inf Dir(/fc, dB r ) dr < liminf / Dir(/fe, dB r ) dr < C < +oo. 

Passing, if necessary, to a subsequence, we can fix a radius r > r such that 

Dir(/, dB r ) < lim Dir(/ fc , dB r ) <M< +oo. (3.54) 

k— »+oo 

We now show that (3.53) contradicts the minimality of fk in B r for large n. Let, indeed, 
0<<5<r/2tobe fixed later and consider the functions /& on B r defined by 



fk(x) 



g (^) for x E B r ^ s , 
hk (x) for x G B r \ B r 



where the h^s are the interpolations provided by Lemma 2.15 between fj, £ W 1,2 (dB r , Aq) 
and g (^^) £ W 1,2 (5 r _5, ^4q). We claim that, for large k, the functions fk have smaller 
Dirichlet energy than fk, thus contrasting the minimizing property of fk, and concluding 
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the proof. Indeed, recalling the estimate in Lemma 2.15, we have 

Dir(A,5 r ) <Dir (f k ,B r _ s )+C5 [Dir(/ fc , dB r J) + Dir(/*, dB r )} +^[ g{f k J k f 

< Dir((7, B r ) + C 5 Dii(g, dB r ) + C 5 Dir(/ fc , 95.) + ^ / 0(/ fc , (?) 2 . 

Choose now 5 such that 4C<5 (M + 1) < 7 r , where M and 7 r are the constants in (3.54) 
and (3.53). Using the uniform convergence of f k to /, we conclude, for k large enough, 

(3.53), (3.54) n r 

Dir(/ fc ,a r ) < D r - lr + C5M + C5(M + l) + - G{f k J)\ 

° JdBr 

This gives the contradiction. □ 

3.6. Estimate of the singular set 

In this section we estimate the Hausdorff dimension of the singular set of Dir-minimizing 
Q-valued functions as in Theorem 0.11. The main point of the proof is contained in 
Proposition 3.22, estimating the size of the set of singular points with multiplicity Q. 
Theorem 0.11 follows then by an easy induction argument on Q. 

Proposition 3.22. Let ft be connected and f e W 1 ' 2 ^, AqCR 71 )) be Dir -minimizing. 
Then, either f = Q [£] with ( : Q — > MJ 1 harmonic in Q, or the set 

E QJ = {xen-. f(x) = Q M , y e W 1 } 

(which is relatively closed in Q) has Hausdorff dimension at most m — 2 and it is locally 
finite for m = 2. 

We will make a frequent use of the function o : Q — ► N given by the formula 

a(x) = card(supp f(x)). (3.55) 

Note that a is lower semicontinuous because / is continuous. This implies, in turn, that 
Eqj is closed. 

3.6.1. Preparatory Lemmas. We first state and prove two lemmas which will be 
used in the proof of Proposition 3.22. The first reduces Proposition 3.22 to the case where 
all points of multiplicity Q are of the form Q [0]. In order to state it, we introduce the 
map 7) : *4.q (IR n ) — > W 1 which takes each measure T = [Pj] to its center of mass, 

V P 

n(T) = 

LEMMA 3.23. Let f :Vt —> AqCMJ 1 ) be Dir-minimizing. Then, 

(a) the function r) o / : Q — > ]R n is harmonic; 

(b) for every ( : Q — > M. n harmonic, g := \ fi + £] is as well Dir -minimizing. 
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Proof. The proof of (a) follows from plugging ijj(x,u) = ((x) G C^°(Q, M. n ) in the 
variations formula (3.5) of Proposition 3.1. Indeed, from the chain-rule (1.17), one infers 
easily that Q D(rj o f) = £\ Dfc and hence, from (3.5) we get j (D(r) o f) : DQ = 0. The 
arbitrariness of ( G C£°(f2, IR") gives (a). 

To show (6), let h be any Q- valued function with h\sn = f\on' we need to verify that, if 
h := \hi + CI) then Dir(g, Q) < Dir(/i, Q). From Almgren's form of the Dirichlet energy 
(see (2.16)), we get 

Dir(«^) = / ^|%,| 2 = / E(l^| 2 + l^<| 2 + 2 ^^<} 

min. of ff _ — _ I" 

< / 0^| 2 + |^-C| 2 }+2 / D(r,of).DC 

Jn , „• Jn 



= Dir(h,Q) + 2 / {D(r]o f) - D(r)oh)} ■ D(. (3.56) 
Jn 

Since rj o f and rj o h have the same trace on dQ and C is harmonic, the last integral in 
(3.56) vanishes. □ 

The second lemma characterizes the blow-ups of homogeneous functions and is the 
starting point of the reduction argument used in the proof of Proposition 3.22. 

Lemma 3.24 (Cylindrical blow-up). Let g : B\ — ► *4.q (IR n ) be an a-homogeneous and 
Dir -minimizing function with Dir(g, B{) > and set (3 = 7 2j9 (0). Suppose, moreover, that 
g(z) = Q [0] for z = ei/2. Then, the tangent functions h to g at z are (3 -homogeneous 
with Div(h, B\) = 1 and satisfy: 

(a) h(sei) = Q [0] for every s G M; 

(b) h(xi,X2, ■ ■ ■ ,x m ) = h(x2, ■ ■ ■ ,x m ), where h : M m_1 — > Aq(W 1 ) is Dir -minimizing 
on any bounded open subset o/IR m_1 . 

Proof. The first part of the proof follows from Theorem 3.19, while (a) is straight- 
forward. We need only to verify (6). To simplify notations, we pose x' = (0,X2, . . . ,x m ): 
we show that h(x') = h(se\ + x') for every s and x'. This is an easy consequence of the 
homogeneity of both g and h. Recall that h is the local uniform limit of g z ,g k for some 
p k i and set C k := Dir(#, B Qk (z)Y l/2 , (3 = I z , g (0) and A fc := 1 _ 2 1 gfca , where z = e 1 /2. 
Hence, we have 

h(s ei + x>) hom = f h lim C k 9 *»> ( aA * e * + = l im Ck 9_ihl±^n 
ho m= of g X k a g z , e (xj = 

where we used X k z + A fc g k x' = z + sA fc £> fc ei + A fc g k x' and lim fcToo A fc = 1. 

The minimizing property of /i is a consequence of the Dir-minimality of h. It suffices 
to show it on every ball B C R™" 1 for which H\qb £ W^ 1 ' 2 . To fix ideas, assume B to be 
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centered at and to have radius R. Assume the existence of a competitor h G W l,2 (B) 
such that Dir(/i, B) < D(h, B) —7 and H\qb — h\gB- We now construct a competitor h! for 
h on a cylinder Cl = [-L, L] x Br. First of all we define 

h'(xi,x 2 , ■■■,x n ) = h(x 2 , ■ ■ ■ ,x n ) for \xx\ < L — 1. 

It remains to "fill in" the two cylinders C\ =]L — 1, L[xB R and C\ =] — L, — (L — l)[xfi/j. 
Let us consider the first cylinder. We need to define h! in C\ in such a way that h! = h 
on the lateral surface ]L — 1, L[xi9i? R and on the upper face {L} x Br and h' = h on the 
lower face {L — 1} x Now, since the cylinder C\ is biLipschitz to a unit ball, recalling 
Corollary 2.16, this can be done with a W 1 ' 2 map. 

Denote by u and v the upper and lower "filling" maps in the case L = 1 By the 
xi-invariance of our construction, the maps 

u L {xi,...,x m ) :=u{xi -L, ...,x m ) and v L {x u . . . , x m ) = u{x x + L, . . . , x m ) 

can be taken as filling maps for any L > 1. Therefore, we can estimate 

Dir(//, C L ) - D(h, C L ) < (Dir (ti, C\ U C\) - Dir (/i, C\ U - 2 (L - 1) 7 

=: A-2(L-1) 7 , 

where A is a constant independent of L. Therefore, for a sufficiently large L, we have 
D(H',Cl) < D{H,Cl) contradicting the minimality of h in Cl- □ 

3.6.2. Proof of Proposition 3.22. With the help of these two lemmas we conclude 
the proof of Proposition 3.22. First of all we notice that, by Lemma 3.23, it suffices to 
consider Dir-minimizing function / such that rj o / = 0. Under this assumption, it follows 
that Sq,/ = {x : f(x) = Q [0]}. Now we divide the proof into two parts, being the case 
m = 2 slightly different from the others. 

The planar case m = 2. We prove that, except for the case where all sheets collapse, 
Sqj consists of isolated points. Without loss of generality, let G Sq j and assume the 
existence of ro > such that Dir(/, B r ) > for every r < tq (note that, when we are not 
in this case, then / = Q [0J in a neighborhood of 0). Suppose by contradiction that is 
not an isolated point in Sqj, i.e. there exist Xk — > such that f(xk) — Q [0]]. By Theorem 
3.19, the blow-ups f\ Xk \ converge uniformly, up to a subsequence, to some homogeneous 
Dir-minimizing function g, with Dir^,^) = 1 and 77 o g = 0. Moreover, since f(xk) are 
Q-multiplicity points, we deduce that there exists w G S 1 such that g{w) = Q [0]. Up to 
rotations, we can assume that w = t\. Considering the blowup of g in the point ei/2, by 
Lemma 3.24, we find a new tangent function h with the property that ^(O,^) = h(x 2 ) 
for some function h : R — ► Aq which is Dir-minimizing on every interval. Moreover, 
since Dir(h,Bi) = 1, clearly Dir(/i, I) > 0, where / = [—1, 1]. Note also that 77 o h = 
and h(0) = Q{0J. From the 1-d selection criterion in Proposition 1.5, this is clearly 
a contradiction. Indeed, by a simple comparison argument, it is easily seen that every 
Dir-minimizing 1-d function h is an affine function of the form h(x) = ^ [Lj(x)J with 
the property that either Li(x) 7^ Lj(x) for every x or Li(x) = Lj(x) for every x. Since 
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h(Q) = Q [0], we would conclude that h = Q [L] for some linear L. On the other hand, by 
77 o h = we would conclude L = 0, contradicting Dir(/i, J) > 0. 

We conclude that, if x G £q,/, either x is isolated, or U C Eqj for some neighborhood 
of x. Since ft is connected, we conclude that, either Sqj consists of isolated points, or 
= ft. 

The case m > 3. In this case we use the so-called Federer's reduction argument (fol- 
lowing closely the exposition in Appendix A of [Sim83]). We denote by 7i l the Hausdorff 
t-dimensional measure and by Ti 1 ^ the Hausdorff pre-measure defined by 

7-4(A) = inf | diam(E fc )' : A C U km E k I . (3.57) 

We use this simple property of the Hausdorff pre- measures Ti^: if Ki are compact sets 
converging to K in the sense of Hausdorff, then 

hmsup^(A^)<^W- (3-58) 

I— >+oo 

To prove (3.58), note first that the infimum on (3.57) can be taken over open coverings. 
Next, given an open covering of K, use its compactness to find a finite subcovering and 
the convergence of K\ to conclude that it covers K[ for / large enough (see the proof of 
Theorem A. 4 in [Sim83] for more details). 

Step 1. Let t > 0. If Ti 1 ^ (£q,/) > 0, then there exists a function g G W 1,2 {B 1 ,Aq) 
with the following properties: 

(ai) g is a homogeneous Dir -minimizing function with Dir(g,I?i) = 1; 

(6i) T]og = 0; 

fa) H t oo (E Q!g )>0. 

We note that 7-^-almost every point x G Eqj is a point of positive t density (see 
Theorem 3.6 in [Sim83]), i.e. 

H* (E QJ nB r (x)) n 
hmsup °° v > 0. 

So, since TC^ (£qj) > 0, from Theorem 3.19 we conclude the existence of a point x G Eqj 
and a sequence of radii ^ — > such that the blow-ups /x,2 efc converge uniformly to a 
function g satisfying (ai) and (bi), and 

lim sup HL PQJll^M > o. (3.59) 

fc— >+oo £*A; 

From the uniform convergence of / x ,2 efc to we deduce easily that, up to subsequence, 
the compact sets K k = Bi fl Sq j x 2gk converge in the sense of Hausdorff to a compact set 
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K C Eq )9 . So, from the semicontinuity property (3.58), we infer (ci), 



?4,(£q,<,) > 74,(i0 > limsup^(^) > limsup?4,(£i n £g,/, 2 J 




Sfep 2. Lei t > and g satisfying (ai)-(ci) o/ S'tep 1. Suppose, moreover, that there 
exists 1 < / < m — 2, u>zi/i / — 1 < t, sitc/i £/iat 



Then, there exists a function h £ W 1,2 (Bx, Aq) with the following properties: 

(0,2) h is a homogeneous Dir -minimizing function with Dir(/i, Pi) = 1; 

(62) 77 o ft = 0; 

(c 2 ) ^ (E , h ) > 0; 

(d 2 ) ft(x) = ft(x/+i, . . . ,x m ). 

We notice that (R 1 " 1 x {0}) = 0, being t> l-l. So, since (£g, g ) > 0, we can 
find a point ^ x — (0, . . . , 0, Xi, . . . , x m ) £ £q i9 of positive density for 'H t 00 \_T l Q >g . By the 
same argument of Step 1, we can blow-up at x obtaining a function h with properties (02)) 
(62) and (02). Moreover, using Lemma 3.24, one immediately infers (g^). 

Step 3. Conclusion: Federer's reduction argument. 

Let now t > m — 2 and suppose H} (Sg,/) > 0. Then, up to rotations, we may apply 
Step 1 once and Step 2 repeatedly until we end up with a Dir-minimizing function h with 
properties (a 2 )-(c 2 ) and depending only on two variables, h(x) = ft(xi,x 2 ). This implies 
that h is a planar Q-valued Dir-minimizing function such that 77 o ft, = 0, Dir(ft, Pi) = 1 
and 7Y* _m+2 H > 0. As shown in the proof of the planar case, this is impossible, since 

t — m+2 > and the singularities are at most countable. So, we deduce that H} (£g,/) = 0, 
thus concluding the proof. 

3.6.3. Proof of Theorem 0.11. Let a be as in (3.55). It is then clear that, if x is a 
regular point, then a is continuous at x. 

On the other hand, let x be a point of continuity of cr and write f(x) = X]j=i I-^jIj 
where Pj 7^ P, for i 7^ j. Since the target of a is discrete, it turns out that a = J in a 
neighborhood [/ of x. Hence, by the continuity of /, in a neighborhood V C £7 of x, there 
is a continuous decomposition / = X/j=i {/.?'} m fc? -valued functions, with the property 
that fj(y) 7^ for every y & V and = kj {gjj for each j. Moreover, it is easy to check 
that each gj must necessarily be a harmonic function, so that x is a regular point for /. 
Therefore, we conclude 



The continuity of / implies easily the lower semicontinuity of a, which in turn shows, 
through (3.61), that £ is relatively closed. 



g(x) = g(x h . . .,x m ). 



(3.60) 



Hf = {x : cr is discontinuous at x}. 



(3.61) 
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In order to estimate the Hausdorff dimension of £y, we argue by induction on the 
number of values. For Q = 1 there is nothing to prove, since Dir-minimizing IR n -valued 
functions are classical harmonic functions. Next, we assume that the theorem holds for 
every Q*-valued functions, with Q* < Q, and prove it for Q- valued functions. If / = Q [£] 
with £ harmonic, then E/ = and the proposition is proved. If this is not the case, we 
consider first Eqj the set of points of multiplicity Q: it is a subset of £/ and we know from 
Proposition 3.22 that it is a closed subset of Q with Hausdorff dimension at most m — 2 
and at most countable if m = 2. Then, we consider the open set Q' = Q \ Sqj. Thanks 
to the continuity of /, we can find countable open balls B^ such that Q' = U^B^ and f\s k 
can be decomposed as the sum of two multiple-valued Dir-minimizing functions: 

/k = I/fc,oJ + I/fc,g a ] , with Qi <Q,Q?< Q, 

and 

supp (a;)) n supp (/ fc ,Q 2 (x)) = for every x E B k . 
Clearly, it follows from this last condition that 

£/ n B k = E /fc Qi U E /fc Q2 . 

Moreover, fk,Q 1 and fk,Q 2 are both Dir-minimizing and, by inductive hypothesis, E/ fcQ 
and Ejj. Qa are closed subsets of B^ with Hausdorff dimension at most m — 2. We conclude 
that 



S/ = s Ql/ u |J (s /fciQi U E 



/fc,Q 2 

fceN 

has Hausdorff dimension at most m — 2 and it is at most countable if m = 2. 



CHAPTER 4 



Intrinsic theory 

In this chapter we develop more systematically the metric theory of Q-valued Sobolev 
functions. The aim is to provide a second proof of all the propositions and lemmas in 
Section 2.2, independent of Almgren's embedding and retraction £ and p. Some of the 
properties proved in this section are actually true for Sobolev spaces taking values in fairly 
general metric targets, whereas some others do depend on the specific structure of AqIW" 1 ). 

4.1. Metric Sobolev spaces 

To our knowledge, metric space- valued Sobolev-type spaces were considered for the first 
time by Ambrosio in [Amb90] (in the particular case of BV mappings). The same issue 
was then considered later by several other authors in connection with different problems in 
geometry and analysis (see for instance [GS92], [KS93], [Ser94], [Jos97], [JZOO], [CL01] 
and [HKSTOla]). The definition adopted here differs slightly from that of Ambrosio (see 
Definition 0.5) and was proposed later, for general exponents, by Reshetnyak (see [Res97] 
and [Res04]). In fact, it turns out that the two points of view are equivalent, as witnessed 
by the following proposition. 

Proposition 4.1. Let Q c M 71 be open and bounded. A Q-valued function f belongs 
to W 1,P (Q, Aq) if and only if there exists a function ip £ L p (f2,M + ) such that, for every 
Lipschitz function <ft : Aq — > M, the following two conclusions hold: 

(a) <pofeW^(Q); 

(b) \D (<f) o /) (x)| < Lip(<f)) ip(x) for almost every i6ll. 

This fact was already remarked by Reshetnyak. The proof relies on the observation 
that Lipschitz maps with constant less than 1 can be written as suprema of translated 
distances. This idea, already used in [Amb90], underlies in a certain sense the embedding 
of separable metric spaces in a fact exploited first in the pioneering work [Gro83] by 
Gromov (see also the works [AKOOa], [AKOOb] and [HKSTOlb], where this idea has 
been used in various situations). 

Proof. Since the distance function from a point is a Lipschitz map, with Lipschitz 
constant 1, one implication is trivial. To prove the opposite, consider a Sobolev Q-valued 

1 /2 

function /: we claim that (a) and (b) hold with ip = (X^^f) ; where the tpj's are the 
functions in Definition 0.5. Indeed, take a Lipschitz function <fi £ Lip(*4.g). By treating 
separately the positive and the negative part of the function, we can assume, without loss 
of generality, that > 0. If {Tj} ig N C Aq is a dense subset and L = Lip(<y2), it is a well 
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known fact that </>(T) = infj {0(Tj) + LQ(Ti,T)}. Therefore, 

o / = inf {m) + L Oft, f) } =: inf 9i . 
Since / G W 1j? (Q,Aq), each gi G W lj "(n) and the inequality \D( 



(4.1) 

/)| < swpi\Dgi\ 



holds a.e. On the other hand, \Dgi\ = L \DQ(f,Ti)\ < Ly/^jCp? a.e. This completes the 
proof. □ 

In the remaining sections of this chapter, we first prove the existence of \djf\ (as defined 
in the Introduction) and prove the explicit formula (0.2). Then, we introduce a metric on 
W 1,p (Q,Aq), making it a complete metric space. This part of the theory is in fact valid 
under fairly general assumptions on the target space: the interested reader will find suitable 
analogs in the aforementioned papers. 

4.1.1. Representation formulas for \djf\. 

Proposition 4.2. For every Sobolev Q -valued function f G W 1,p (VL,Aq), there exist 
gj G L p , for j = 1, . . . , m, with the following two properties: 

(i) \djQ(f,T)\ < gj a.e. for every T e A Q ; 

(ii) if <fj G L p is such that \djQ(f, T)\ < <pj for all T G Aq, then gj < <pj a.e. 

These functions are unique and will be denoted by \djf\. Moreover, chosen a countable 
dense subset {Tj} ie N of Aq, they satisfy the equality (0.2). 

Proof. The uniqueness of the functions gj is an obvious corollary of their property 
(ii). It is enough to prove that gj = \djf\ as defined in (0.2) satisfies (z), because it 
obviously satisfies (ii). Let T G Aq and {T ik } C {Tj} be such that T ik — > T. Then, 
G(f,T ik ) -> G(f,T) in LP and, hence, for every tf> G C™(Q), 



d 3 Q(f^ T )^ 



lim 



lim 



< 



J G(f,T ik )d^ 

Since (4.2) holds for every tp, we conclude \djQ(f,T)\ < gj a.e. 

4.1.2. A metric on W^ P (Q,A Q ). Given / and g G W^ p (Q,Aq), define 



dw^{f,g) = \\Q{f,g)\\ 



Li' 



E 



sup IdjQif, - djQ(g, T i: 



Proposition 4.3. (W 1 ' p (Vt,Ao),d W i,p) is a complete metric space and 



dw 1 >p(fk, f) — > 



Li' 



\Df k \ - \Df\. 



gM- (4-2) 
□ 

(4.3) 
(4.4) 



Proof. The proof that dw 1 ^ is a metric is a simple computation left to the reader; 
we prove its completeness. Let {fk}k£i>s be a Cauchy sequence for dw 1 *- Then, it is a 
Cauchy sequence in L p (Q,Aq). There exists, therefore, a function / G L p (Q,Aq) such 
that fk — * / in LP. We claim that / belongs to W 1,P (Q, Aq) and dwhp(fk, f) 0. Since 
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/ G H /1 ' p (fi, Aq) if and only if dyyi,p(f, 0) < oo, it is clear that we need only to prove that 
d\yi, P (fk, f) — * 0. This is a consequence of the following simple observation: 



sup \djQ(f,Ti) - djQif^Ti 



sup \\dMf> T s)-9jG(fk,T t 



L p P€V E s eP 

< km d w i, P (fi,f k ) 



S '\\LP{E S ) 



»+oo 



where V is the family of finite measurable partitions of Q. Indeed, by (4.5), 



(4.5) 

km d w i,p(f k ,f) < km 

fc— >+oo fc— >+oo 



\\G(fJk)\\ LP +m Mm d w i,p(f h f k ) 

Z— >+oo 



0. 



We now come to (4.4). Assume d w i, P (fk, f) — > and observe that 



\djfk\ ~ \djfi 



sup \djQ(f k , Ti)\ - sup \djQ(f k , % 



(4.5) 



<sup|9^(/ fc ,T 4 )-^(/ fc ,r,)|. 



Hence, one can infer || \djfk\ — \djfi\ \\ LP < d w i, P (fk, fi). This implies tkat \Dfk\ is a Caucky 
sequence, from wkick tke conclusion follows easily. □ 



4.2. Metric proofs of the main theorems I 

We start now witk tke metric proofs of tke results in Section 2.2. 

4.2.1. Lipschitz approximation. In tkis subsection we prove a strengtkened ver- 
sion of Proposition 2.5. Tke proof uses, in tke metric framework, a standard truncation 
tecknique and tke Lipsckitz extension Tkeorem 1.7 (see, for instance, 6.6.3 in [EG92]). 
Tkis last ingredient is a feature of *4.g(lR n ) and, in general, tke problem of wketker or 
not general Sobolev mappings can be approximated witk Lipsckitz ones is a very subtle 
issue already when the target is a smooth Riemannian manifold (see for instance [SU82], 
[Bet91], [HL03] and [HR07]). The truncation technique is, instead, valid in a muck more 
general setting, see for instance [HKSTOlb]. 

Proposition 4.4 (Lipsckitz approximation). There exists a constant C = C(m,Q,Q) 
with the following property. For every f e W 1,P {VL, Aq) and every A > 0, there exists a 
Q-function fx such that Lip (f\) < C X, 

|^| = |{xen : /(^/^)}|<^* (4.6) 
and d w i, v (f\f\) < Cd w i,p{f,Q [0]). Moreover, d w i, P (f,f x ) = o(l) and \E\\ = o(X~ p ). 
Proof. We consider tke case l<p<oo(p = oois immediate) and we set 

Q x = {xeQ : M(\Df\) < A}, 

wkere M is tke Maximal Function Operator (see [Ste93] for tke definition). By rescaling, 
we can assume || |Z)/| = 1. As a consequence, we can also assume A > C(m,Q,Q), 
wkere C(m, Q, Q) will be ckosen later. 
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Notice that, for every T G Aq and every j G {1, . . . , m}, 

M( |9^(/,T)| ) < M(|D/|) < A infi A . 

By standard calculation (see, for example, 6.6.3 in [EG92]), we deduce that, for every T, 
Q(f,T) is (C A)-Lipschitz in with C = C(m). Therefore, 

\G(f(x),T) - g(f(y),T) I <C\\x-y\ V x, y G Q x and V T G A?- (4.7) 

From (4.7), we get a Lipschitz estimate for f\n x by setting T = /(#). We can therefore 
use Theorem 1.7 to extend /|n A to a Lipschitz function fx with Lip (/a) < CX. 
The standard weak (p — p) estimate for maximal functions (see [Ste93]) yields 

|n\n A |<^/ \Df\ p <^-o(i), (4.8) 

which implies (4.6) and |-Ea| = °(A~ P ). Observe also that, from (4.8), it follows that 

/ \Df x \ p <C f \Df\ p . (4.9) 

Jn\n x Jn\n x/2 

It remains to prove d w i, P (f,f\) < Cd w i, P (f,Q [0]) and d w i, P (f x , f) — > 0. By (4.9), it 
suffices to show 

\\GUxiQM)\\Lv<Cd w ^UiQM) and ||0(/ a ,/)||lp->O. 

We first choose the constant C(m,Q,Q) < A so to guarantee that 2|f2 A | > \Q\. Set 
g := Q(f, Q [0]), g\ := G(f\, Q [0]) and h = g — g\. Let h be the average of h over Q and 
use the Poincare inequality and the fact that h vanishes on f2 A to conclude that 

l -^\h\ p < \V x \\h\ p < [\h-h\v<C\\Dh\\ p LP <c[ (\Df\*+\Df x \*)<c[ \Df\*. 
1 J Jn\n x Jn\n x/2 

Therefore, 

\\h\\ p LP <cf \Df\r 

Jn\n x/2 

So, using the triangle inequality, we conclude that 

\\8(fx,QM)\\r*< \\G(f,Qm)\\L P + C\\\Df\\\ LP <Cd wl , P (f,QlOj) 

and 

\\G(fJx)\\)L* = \\Q(f,QlO})\\LHa\n x ) + \\h\\ L P 

< \W, Q M) IUno\a A ) + C|| \Df\ |U, ( o\a V2) . (4.10) 

Since \fl \ Q A | | 0, the right hand side of (4.10) converges to as A J, 0. □ 
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4.2.2. Trace theory. Next, we show the existence of the trace of a Q-valued Sobolev 
function as defined in Definition 0.7. Moreover, we prove that the space of functions with 
given trace Wg ,p (Q, Aq) defined in (2.10) is closed under weak convergence. A suitable 
trace theory can be build in a much more general setting (see the aforementioned papers). 
Here, instead, we prefer to take advantage of Proposition 4.4 to give a fairly short proof. 

Proposition 4.5. Let f e W 1 ' p (Vt,A Q ). Then, there exists an unique g e L p (dVt,A Q ) 
such that 

(<P°f)\dQ = V°9 for all ip e Lip (Aq). (4.11) 
We denote g by f\an- Moreover, the following set is closed under weak convergence: 

w^(n,A Q )-.= {few 1 ' 2 (n 1 A Q ) : f\ d n = g}. 

Proof. Consider a sequence of Lipschitz functions with d w i, P (f k , f) — »■ (whose 
existence is ensured from Proposition 4.4). We claim that f k \sn is a Cauchy sequence in 
L p (dQ, Aq). To see this, notice that, if {Ti} ie N is a dense subset of Aq, 

g(f k ,f l ) = sup\g(f k ,T l )-g(f l ,T i )\. 

i 

Moreover, recalling the classical estimate for the trace of a real-valued Sobolev functions, 
11/lanlliP < C \\f\\ w i, P , we conclude that 

\WkJi)\\% m <C ! G(f k JiT + J2[ W(fkJi)\ p 

Jn • Jn 

<C f G(f k Ji) p + y2 I sup|9^(/ fe ,T i )-^(/ i ,T l )| p 

<cd m 4f k ,f t y, (4.i2) 

(where we used the identity \dj (sup^j)] < sup^ \djgi\, which holds true if there exists an 
h e L p (Q) with |^|, \Dgi\ <he L p (n)). 

Let, therefore, g be the L p -limit of f k . For every if G Lip(^4g), we clearly have that 
(V 9 ° fk)\du -> V ° 9 in L p . But, since o f k -> Lp o f in W^iVL), the limit of (tp o f k )\an 
is exactly (cp o f)\gQ. This shows (4.11). We now come to the uniqueness. Assume that g 
and g satisfy (4.11). Then, Q(g,Ti) = Q (g,Ti) almost everywhere on dQ and for every i. 
This implies 

G (g,g) = sup \G(g,Ti) - Q (g,Ti)\ = a.e. on fi, 

i 

i.e. g = g a.e. 

Finally, as for the last assertion of the proposition, note that 1 / in the sense of 
Definition 2.9 if and only if ip o f k —± (p o / for any Lipschitz function ip. Therefore, the proof 
that the set W^ 2 is closed is a direct consequence of the corresponding fact for classical 
Sobolev spaces of real-valued functions. □ 
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4.2.3. Sobolev embeddings. The following proposition is an obvious consequence 
of the definition and holds under much more general assumptions. 

Proposition 4.6 (Sobolev Embeddings). The following embeddings hold: 

(i) if p < m, then W 1>p (Q,Aq) C L q (Vt,A Q ) for every q G [l,p*], where p* = 

and the inclusion is compact when q < p* ; 
(ii) if p = m, then W 1,p (Vl, Aq) C L q (Q,AQ), for every q G [l,+oo), with compact 
inclusion. 

Remark 4.7. In Proposition 2.11 we have also shown that 

(Hi) if p > m, then W 1,p (ft, Aq) C C 0,a (Q, Aq), for a = 1 — — , with compact inclusion. 

It is not difficult to give an intrinsic proof of it. However, in the regularity theory of 
Chapters 3 and 5, (iii) is used only in the case m — 1, which has already been shown in 
Proposition 1.2. 

PROOF. Recall that / G L p (£l,A Q ) if and only if G(f,T) G L p (n) for some (and, 
hence, any) T. So, the inclusions in (i) and (ii) are a trivial corollary of the usual Sobolev 
embeddings for real-valued functions, which in fact yields the inequality 

||£(/,Q[0j)lb ( n) < C(n,n,Q)d m , P (f,QlO}). (4.13) 

As for the compactness of the embeddings when q < p*, consider a sequence {fk}kcN 
of Q-valued Sobolev functions with equibounded <in/i, P -distance from a point: 

<WA,Q[o]) = \\G(fk,Qim\L* + J2\\\ d rf k \\\v <C<+oc. 

j 

For every I G N, let fkj be the function given by Proposition 4.4 choosing A = I. 

From the Ascoli-Arzela Theorem and a diagonal argument, we find a subsequence (not 
relabelled) such that, for any fixed /, {fk,i}k is a Cauchy sequence in C°. We now use 
this to show that f\ is a Cauchy sequence in L q . Indeed, 

\\g(fkJk')\\ Lq < \\G(fkJk,i)\\ L « + \\G{fk,ufk>,i)\\ L « + \\S(fk',iJk>)\\ Lq ■ (4.14) 

We claim that the first and third terms are bounded by C It suffices to show it for 
the first term. By Proposition 4.4, there is a constant C such that dwi, P (f klj Q [0]) < C 
for every k and I. Therefore, we infer 

\\G(f k ,h,i)\\%<c [ [QUk,QM) q + Q(fKuQM) q ] 

< (\\9(f k , [o])ll^ + \\G(h,i, [o])||^)|{/ fe + hAl 1 -^ < ci^~\ 

where in the last line we have used (4.13) (in the critical case p*) and the Holder inequality. 

Let e be a given positive number. Then we can choose / such that the first and third 
term in (4.14) are both less than e/3, independently of k. On the other hand, since {fk,i}k 
is a Cauchy sequence in C°, there is an N such that \\G(fk,i, fk',i) ||l« < e/3 for every 
k,k' > N. Clearly, for k, k' > N, we then have /jt')|| — £■ This shows that {fk} is 
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a Cauchy sequence in L q and hence completes the proof of (i). The compact inclusion in 
(ii) is analogous. □ 

4.2.4. Campanato— Morrey estimate. We conclude this section by giving another 
proof of the Campanato-Morrey estimate in Proposition 2.14. 

Proposition 4.8. Let f e W 1 ' 2 (B 1 ,A Q ) and a e (0, 1] be such that 

I \Df\ 2 < Ar m ~ 2+2a for a.e. r G]0, 1]. 

Then, for every < 5 < 1, there is a constant C = C(m, n, Q, 5) such that 

G(f(x),f(y)) r- 
SU P_ — =: tfw-m <°vA. (4.15) 

x,y£B s \ X y\ 

Proof. Let T e Aq be given. Then, 

/ \Dg(f,T)\ 2 <f \Df\ 2 <Ar m ~ 2+2a for a.e. r e]0,l]. 
By the classical estimate (see 3.2 in [HL97]), Q(f,T) is a-H61der with 

x,y£B § \ X VI 

where C is independent of T. This implies easily (4.15). □ 

4.3. Metric proofs of the main theorems II 

We give in this section metric proofs of the two remaining results of Section 2.2: the 
Poincare inequality in Proposition 2.12 and the interpolation Lemma 2.15. 

4.3.1. Poincare inequality. 

Proposition 4.9 (Poincare inequality). Let M be a connected bounded Lipschitz open 
set of a Riemannian manifold. Then, for every 1 < p < m, there exists a constant 
C = C(p,m,n,Q, M) with the following property: for every function f G W 1,P (M, Aq), 
there exists a point f e Aq such that 



P II \ V 



GifJY <C[ \Df\') , (4.16) 

M J \JM 



where p* 



mp 
m—p ' 



A proof of (a variant of) this Poincare-type inequality appears already, for the case p = 1 
and a fairly general target, in the work of Ambrosio [Amb90]. Here we use, however, a 
different approach, based on the existence of an isometric embedding of AqIMJ 1 ) into a 
separable Banach space. We then exploit the linear structure of this larger space to take 
averages. This idea, which to our knowledge appeared first in [HKSTOlb], works in a 



62 



4. INTRINSIC THEORY 



much more general framework, but, to keep our presentation easy, we will use all the 
structural advantages of dealing with the metric space AqiW" 1 ). 

The key ingredients of the proof are the lemmas stated below. The first one is an 
elementary fact, exploited first by Gromov in the context of metric geometry (see [Gro83]) 
and used later to tackle many problems in analysis and geometry on metric spaces (see 
[AKOOa], [AKOOb] and [HKSTOlb]). The second is an extension of a standard estimate 
in the theory of Sobolev spaces. Both lemmas will be proved at the end of the subsection. 

Lemma 4.10. Let (X,d) be a complete separable metric space. Then, there is an iso- 
metric embedding i : X — > B into a separable Banach space. 

Lemma 4.11. For every 1 < p < m andr > 0, there exists a constant C = C(p,m,n,Q) 
such that, for every f G W 1,p (B r , Aq) PI Lip (B r ,Aq) and every z e B r , 



Proof of Proposition 4.9. Step 1. We first assume M = B r c R m and / Lipschitz. 
We regard / as a map taking values in the Banach space B of Lemma 4.10. Since B is 
a Banach space, we can integrate S-valued functions on Riemannian manifolds using the 
Bochner integral. Indeed, being / Lipschitz and B a separable Banach space, in our case 
it is straightforward to check that / is integrable in the sense of Bochner (see [DU77] ; in 
fact the theory of the Bochner integral can be applied in much more general situations). 

Consider therefore the average of / on M, which we denote by Sf. We will show that 




(4.17) 




(4.18) 



First note that, by the usual convexity of the Bochner integral, 




Hence, (4.18) is a direct consequence of Lemma 4.11: 




Step 2. Assuming M = B r C IR m and / Lipschitz, we find a point / such that 




(4.19) 




Sf - f\\B = min \\S f - T\\ B . 

T&Aq 



(4.20) 
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Note that / exists because Aq is locally compact. Then, we have 
/ G{fJY<C [ \\f-S f \\ B + [ \\S f -J\\ p B 

J Br J Br J Br 

(4.18). (4.20) r r (4.i8) r 

< Cr? \Df\? + C \\S f -f\\ p B < Cr p \Df\*. 

J Br J Br J Br 

Step 3. Now we consider the case of a generic 

f e W 1 ' p (B r ,A Q ). From the Lipschitz 
approximation Theorem 4.4, we find a sequence of Lipschitz functions fk converging to /, 
dw 1 'p{fk ) f) —> 0. Fix, now, an index k such that 

/ G(f k jy<r p [ \Df\> and / \Df k \* < 2 f \Df\>, (4.21) 

•J Br J Br J Br J Br 

and set / = fk, with the fk found in the previous step. With this choice, we conclude 

r r r (4 19) (4 21) r 

/ G(f,7) P <C G(f,f k ) p + G(f k J k ) P < Cr? \Df\*. (4.22) 

rj Br J Br ^ Br ** B r 

Step 4. Using classical Sobolev embeddings, we prove (4.16) in the case of M = B r . 
Indeed, since G{f,f) € W 1,p (B r ) ) we conclude 

— . | _ „ (4-22) / f \ 5 

llw./Jll^^llw,/)!!^ < c {J B \ D f\ p ) ■ 

Step 5. Finally, we drop the hypothesis of M being a ball. Using the compactness and 
connectedness of M, we cover M by finitely many domains A±, . . . biLipschitz to a 
ball such that Ak PI U^kAi ^ 0. This reduces the proof of the general statement to that 
in the case M = A U B, where A and B are two domains such that A n B ^ and the 
Poincare inequality is valid for both. Under these assumptions, denoting by f a and fs two 
means for / over A and B, we estimate 



gua, f B r = 4 g(u, f B r <c4 gua, jy* +c4 gu, f B y <c( f 

Jadb J a Jb \Ja 



\Df\ p 

M 



Therefore, 



GUJaY < / GUJaY + / G(fJ A Y 

AUB J A JB 



f c l B G(fj B y +cg(f A j B y \b\<cu \Df\> 



□ 



Proof of Lemma 4.10. We choose a point x G X and consider the Banach space 
A := {/ e Lip(X,R) : f(x) = 0} with the norm \\f\\ A = Lip(/). Consider the dual A' and 
let % : X — > A' be the mapping that to each y £ X associates the element [y] £ A' given 
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by the linear functional [y](f) = f(y)- First of all we claim that i is an isometry, which 
amounts to prove the following identity: 

d(z,y) = \M-[z]\\ A ,= sup \f(y) - f(z)\ Vx,y E X. (4.23) 

f(x)=0, Lip(/)<1 

The inequality \ f(y) — f(z)\ < d(y, z) follows from the fact that Lip(/) = 1. On the other 
hand, consider the function f(w) := d(w,y) — d(y,x). Then f(x) = 0, Lip(/) = 1 and 
\f(y)-f(z)\=d(y,z). 

Next, let C be the subspace generated by finite linear combinations of elements of 
i(X). Note that C is separable and contains i(X): its closure in A' is the desired separable 
Banach space B. □ 

Proof of Lemma 4.11. Fix z G B r . Clearly the restriction of / to any segment [x, z] 
is Lipschitz. Using Rademacher, it is easy to justify the following inequality for a.e. x: 

g(f(x),f(z))<\x-z\ [ \Df\(z + t(x-z))dt. (4.24) 



o 



Hence, one has 



/ GU(x)J(z)) p dx '< f [ \x-z\ p \Df\(z + t(x-z)) p dtdx 

J B r ndB s (z) JB r C]dB s {z) JO 

<s p [ [ t^lDfKwfdwdt 

JO JB r ndBt.Jz) 



JB r ndB ts (z) 

= s p+m-l f f \ W - z\ l - rn \Df\(wfdwdt 

Jo JB r ndB ts (z) 

<s p+m - 2 f Iw-z^lDfKwYdw. (4.25) 

J B r 

Integrating in s the inequality (4.25), we conclude (4.17), 

g{f(x)J{z)) p dx<Cr p+m ~ 1 I \w-z\ l - m \Df\{w) p dw. 

B r J B r 

□ 

4.3.2. Interpolation Lemma. We prove in this section Lemma 2.15 (the statement 
below is, in fact, slightly simpler: Lemma 2.15 follows however from elementary scaling 
arguments). In this case, the proof relies in an essential way on the properties of *4.g(lR n ) 
and we believe that generalizations are possible only under some structural assumptions 
on the metric target. 

Lemma 4.12 (Interpolation Lemma). There exists a constant C = C(m,n,Q) with the 
following property. For any g, g <G W 1,2 (dBi, Aq), there is h G W 1)2 (Bi \ Bi^ £ ,Aq) such 
that 

h(x)=g(x), h ((1 — e) x) — g(x), for x G dB\ , 
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and 

Dir(/i, B 1 \ Bi_ £ ) < C (e Dir(0, dflx) + e Dir(#, + e" 1 / Q (g, ~gf 

Proof. For the sake of clarity, we divide the proof into two steps: in the first one 
we prove the lemma in a simplified geometry (two parallel hyperplanes instead of two 
concentric spheres); then, we adapt the construction to the case of interest. 

Step 1. Interpolation between parallel planes. We let A = [— 1, l] m_1 , B = A x [0, e] and 
consider two functions g, g e W l,2 (A, Aq). We then want to find a function h : B — > Aq 
such that 

h(x, 0) = g(x) and h(x, e) = g(x); (4.26) 

Dir(/i, fl) < C (e Du(g, A) + e Dir(~g, A) + e" 1 jf G(g, ~g) 2 ^j , (4.27) 

where the constant C depends only on m, n and Q. 

For every k G N + , set A k = [—1 — k~ x , 1 + A;^ 1 ]™ -1 , and decompose A/, in the union of 
{k + l) m_1 cubes {Ckj} l=1 ( fc+1 )m-i with disjoint interiors, side length equal to 2/k and 
faces parallel to the coordinate hyperplanes. We denote by x k j their centers. Therefore, 

Ck,i = Xk,i + [— T, i\ m Finally, we subdivide A into the cubes {-Dfe,i}z=i,...,fe™-i of side 
2/k and having the points x kj i as vertices, (so {D k j} is the decomposition "dual" to {C k) i}; 
see Figure 1). 



Ck 





Xk,l 






/ 

1 




























































_ 











Figure 1. The cubes C k ,i and D k>h 



On each C k) i take a mean g k l of g on C k j H A. On A fc we define the piecewise constant 
functions which takes the constant value g kl on each C k f. 

9k = 9 k ,i in C kh with / G(g,g k ,i) 2 <^[ \Dg\ 2 . 

Jc k ,inA K Jc kil r\A 

In an analogous way, we define g k from g and denote by g k) i the corresponding averages. 
Note that g k — > g and g k — > g in L 2 (A,^4q). 
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We next define a Lipschitz function f k : B — > ^4g. We set fk(%k,hfy = 9k,i an d 
fk( x k,h £ ) = 9k,i- We then use Theorem 1.7 to extend on the 1-skeleton of the cubical 
decomposition given by D k j x [0, e]. We apply inductively Theorem 1.7 to extend f k to 
the j-skeletons. 

If V k ,i and Zkj denote, respectively, the set of vertices of D k ,i x {0} and D kj i x {e}, we 
then conclude that 

Lip(/fc|r» fc ,,x{ e }) < CLip(/fcU M ) and Lip(/ fc | Dfcilx{0} ) < CLip(/ fc | Vfci ). (4.28) 
Let (xk,i, 0) and (xfcj,0) be two adjacent vertices in V k ,i- Then, 

G{fk{xk,i, 0), fk(x k j, 0)) 2 = g{g k {xk,i),9k{x k ,j)) 2 = 4 G{g k {x k ,i),9k{x k ,j)) 2 

Jc kii nC k>j nA 



< 



C-f Q{g k ^gf + C-t Q(g,g k 

Jc kii nA Jc k)J nA 



' ) 2 



ft Jc k<i uC ktj 

In the same way, if (x k ^,e) and (x^e) are two adjacent vertices in Z k< i, then 

c f 



G(fk(x h ,i,e),f k (x kJ ,e)) <~^i / \Dg\ . 



C k i^JC k 



Finally, for (x k ,i, 0) and (x^i, e), we have 

^(/fc(^fc,i,0),/ fc (x fcii ,e)) 2 = e~ 2 g{g kti ,g Ki ) 2 < 4 e" 2 Q{g k ,g k ) 2 . 

Jc kii nA 

Hence, if {Cfc |Qi } a= i r ,. ) 2m-i are all the cubes intersecting D k j, we conclude that the Lipschitz 
constant of f k in D k j x [0, e] is bounded in the following way: 

Lip(/ fc b fc , iX [o, e ]) 2 < tJ-t / (\Dg\ 2 + \Dg\ 2 + e~ 2 Q(g k ,~g k ) 2 ). 

K Ju a c k , a 

Observe that each C k ^ a intersects at most N cubes D k j, for some dimensional constant N. 
Thus, summing over I, we conclude 

Dir(/ fe , Ax[0,e])<c(e JjDgf + e J \Dg\ 2 + e~ l jf Q{g k , ~g k ) 2 ^j . (4.30) 

Next, having fixed D k ,i, consider one of its vertices, say x'. By (4.28) and (4.29), we 
conclude 



m&xg(f k (y,0),f k (x',0)) 2 [ \Dg\ 



For any x G D k j, g k (x) is equal to f k (x',0) for some vertex x' G D k j. Thus, we can 
estimate 

J g(f k (x, 0),g k (x)) 2 dx<^J \Dg\ 2 . (4.31) 
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Recalling that g k —>■ g in L 2 , we conclude, therefore, that f k (-, 0) converges to g. A similar 
conclusion can be inferred for f k (-,e). 

Finally, from (4.30) and (4.31), we conclude a uniform bound on || \f k \ \\l 2 (b)- Using 
the compactness of the embedding W 1,2 C L 2 , we conclude the existence of a subsequence 
converging strongly in L 2 to a function h G W 1,2 (B). Obviously, h satisfies (4.27). We 
now want to show that (4.26) holds. 

Let S e]0,e[ and assume that f k (-,S) —> f(-,S) in L 2 (which in fact holds for a.e. 5). 
Then, a standard argument shows that 

/ G{f(x,5),g(x)) 2 dx = Jim / G(f k (x, 5), g k (x)f dx < limsup S\\ \Df k \ \\ 2 L 2 (B] < CS. 

J A k 1°°JA fcT°o 

Clearly, this implies that /(-,0) = g. An analogous computation shows f(-,s) = g. 

Step 2. Interpolation between two spherical shells. In what follows, we denote by D 
the closed (m — 1) -dimensional ball and assume that <f) + : D — > dB\ fl {x m > 0} is a 
diffeomorphism. Define 0_ : D — ► fl {x m < 0} by simply setting <p-(x) = —<f) + (x). 
Next, let : A — > D be a biLipschitz homeomorphism, where A is the set in Step 1, and 
set 

ip± = 4>±o 0, g k± = g o ip± and ^ fc ,± = g ° <f±- 

Consider the Lipschitz approximating functions constructed in Step 1, f kj+ : Ax[0,e] ^ Aq 
interpolating between g k)+ and g k -. 

Next, to construct f k _, we use again the cell decomposition of Step 1. We follow 
the same procedure to attribute the values f k -(x k> i,0) and f k -(x k> i,e) on the vertices 
x k j & OA. We instead set f k -{x kji , 0) = / fc)+ (x fc ,j,0) and f k -{x k)h e) = f K+ {x Kh e) when 
x k> i G dA. Finally, when using Theorem 1.7 as in Step 1, we take care to set f k ,+ = f k - 
on the skeleta lying in OA and we define 

f ( x ) = J fk, + ( i P+ 1 ( X /\ X \)^ 1 - M) ^ > 

JfclXJ (^.(^(x/lx^l-lxl) ifx m <0. 

Then, f k is a Lipschitz map. We want to use the estimates of Step 1 in order to conclude 
the existence of a sequence converging to a function h which satisfies the requirements 
of the proposition. This is straightforward on {x m > 0}. On {x m < 0} we just have to 
control the estimates of Step 1 for vertices lying on dA. Fix a vertex x k j G dA. 

In the procedure of Step 1, f k -(x k ,i,0) and f k -(x k j,e) are defined by taking the aver- 
ages h k> i and h^i for gotp_ and go<p_ on the cell C k jHA. In the procedure specified above 
the values of f k -(x k j,0) and f k _(x k> i,e) are given by the averages of g o {p + and g o <p + , 
which we denote by g k j and g k j. However, we can estimate the difference in the following 
way 

C f 

\gk,i-h k ,i\<— / \Dg\ 2 , 

where E k j is a suitable cell in dB\ containing cp + (C kj i) and <p-(C k) i). Since these two 
cells have a face in common and (f± are biLipschitz homeomorphisms, we can estimate the 



(»8 
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diameter of E^i with C/k (see Figure 2). Therefore the estimates (4.30) and (4.31) proved 
in Step 1 hold with (possibly) worse constants. □ 




Figure 2. The maps <p± and the cells E^^. 



CHAPTER 5 



The improved estimate of the singular set in 2 dimensions 

In this final part of the paper we prove Theorem 0.12. The first section gives a more 
stringent description of 2-d tangent functions to Dir-minimizing functions. The second 
section uses a comparison argument to show a certain rate of convergence for the frequency 
function of /. This rate implies the uniqueness of the tangent function. In Section 5.3, 
we use this uniqueness to get a better description of a Dir-minimizing functions around a 
singular point: an induction argument on Q yields finally Theorem 0.12. 

Throughout the rest of the paper we use the notation introduced in Remark 3.11 and 
sometimes use (r, 9) in place of re. 

5.1. Characterization of 2-d tangent Q-valued functions 

In this section we analyze further Dir-minimizing functions / : D — > *4.Q(K n ) which are 
homogeneous, that is 

/(r, 9) = r a g{9) for some a > 0. (5.1) 
Recall that, for T = £V P*l we denote by rj(T) the center of mass Q~ l J^T;. 

Proposition 5.1. Let f : D — > *4.g(IR n ) be a nontrivial, a-homogeneous function which 
is Dir-minimizing. Assume in addition that rj o / = 0. Then, 

(a) a = £ G Q, with MCD (n*, Q*) = 1; 

(b) there exist infective (R- jlinear maps Lj : C — > M. n and kj G N such that 

j j 

m = h [oi + k > E i L > ■ zn l =■ fc o [oi + E ^ too*)] • ( 5 - 2 ) 

3=1 zQ*=x i=i 

Moreover, J > 1 and fcj > 1 /or a// j ; > 1. If Q* = 1, either J > 2 or A; > 0. 

(c) For any « 7^ j and any s 7^ 0, the supports of fi(x) and fj{x) are disjoint. 

Proof. Let / be a homogeneous Dir-minimizing Q-valued function. We decompose 
9 — /Is 1 into irreducible W 1 ' 2 pieces as described in Proposition 1.5. Hence, we can write 
g(9) = k [01 + Y.U h i M*)l where 

(i) ko might vanish, while kj > for every j > 0, 

(ii) the g/s are all distinct, Qj-valued irreducible W 1,2 maps such that gj(x) 7^ Q [0] 
for some x G S 1 . 

By the characterization of irreducible pieces, there are W 1,2 maps jj : S 1 — > lR n such that 

= E b(*)J- (5-3) 

Z 3 =X 
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Recalling (5.1), we extend to a function (3j on the disk by setting /3j(r,9) = r aQ ^j{6) 
and we conclude that 

j j 

f(x) = k [01 + E = : fc o [01 + E fcj . 

It follows that each is an a-homogeneous, Dir-minimizing function which assumes 
values different from Q [0] somewhere. By Lemma 3.12, (3j is necessarily a Dir-minimizing 
IR n -valued function. Since (3j is (a Qj) -homogeneous, its coordinates must be homogeneous 
harmonic polynomials. Moreover, j3j does not vanish identically. Therefore, we conclude 
that rij = a Qj is a positive integer. Thus, the components of each flj are linear combina- 
tions of the harmonic functions (r,6) i— > r™ 3 cos(rij6) and (r, 6*) i— > r nj ' sin(nj#). It follows 
that there are (nonzero) M-linear map Lj : C — ► M n such that = % • z nj . 

Next, let n* and Q* be the two positive integers determined by a = n*/Q* and 
MCD (n*, Q*) = 1- Since rij/Qj = a = n*/Q*, we necessarily have Qj = rrtjQ* for 
some integer m,- = -4 > 1. Hence, 

&■(*)= E IV 

However, if > 1, then supp = Q* ^ Qj, so that gj would not be irreducible. 
Therefore, Qj = Q* for every j. 

Next, since Dir(/, D) > 0, J > 1. If Q* = 1, J = 1 and A; = 0, then / = Q [ft] and /i 
is an M n -valued function. But then ft = 77 o / = 0, contradicting Dir(/, D) > 0. Moreover, 
again using the irreducibility of gj, for all x G S 1 , the points 

Lj • 2 n * with z Q * = x 

are all distinct. This implies that Lj is injective. Indeed, assume by contradiction that 
Lj -v — for some u 7^ 0. Then, necessarily Q* > 2 and, without loss of generality, we can 
assume that v = e±. Let x = e td l n * e S 1 , with 9/Q* = n/2 — n/Q* , and let us consider the 
set 

R := {z n * e S 1 : z Q * = x} = { e W+^VQ*}. 

Therefore w\ = e %e ^* and W2 = e l ( 9+2n ^®* = e t7T ~ 10 ^* are two distinct elements of R. 
However, it is easy to see that W\ — W2 = 2 cos(9 / Q*)ei. Therefore, LjW\ = LjWi, which is 
a contradiction. This shows that Lj is injective and concludes the proof of (b). 

Finally, we argue by contradiction for (c). If (c) were false, up to rotation of the plane 
and relabelling of the g^s, we assume that supp ((?i(0)) and supp #2(0) have a point P in 
common. We can, then, choose the functions 71 and 72 of (5.3) so that 

7i(0) = 7i(2vr) = 72(0) = 7 2 (2tt) = P. 

We then define £ : D — > M n in the following way: 

c (r m_ J r 2 ^ 7 i(2£) if0e[O,7r], 
$\r,tt) - j r 2aQ* 72 ( 2 0) if e [k,2tt]. 
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Then, it is immediate to verify that 

I/i(^)] + [/ 2 (x)l= £ [£(*)]. (5.4) 

Therefore, / can be decomposed as 

/(*)= E KWl + Uo [01 + (fci-l)I/i(x)l + (fc 2 -l)[/ 2 (x)l + E% 1^(^)1 
z 2 Q*=x I i>J 

It turns out that the map in (5.4) is a Dir-minimizing function, and, hence, that £ is 
a (2 a Q*)-homogeneous Dir-minimizing function. Since 2aQ* = In* we conclude the 
existence of a linear L : C — > 1R™ such that 



,2Q* = 



Hence, for any x G S 1 , the cardinality of the support of |(?i(a;)] + [(fe^)] is at most 
Q*. Since each g^ is irreducible, the cardinality of the support of [^(x)] is everywhere 
exactly Q*. We conclude thus that g±(x) = g2{x) for every x, which is a contradiction to 
assumption (ii) in our decomposition. □ 



5.2. Uniqueness of 2-d tangent functions 

The key point of this section is the rate of convergence for the frequency function, as 
stated in Proposition 5.2. We use here the functions H x j, D x j and I x j introduced in 
Definition 3.13 and drop the subscripts when / is clear from the context and x = 0. 

Proposition 5.2. Let f e W l ' 2 {p,A Q ) be Dir -minimizing, with Dir(/,D) > and set 
a = Iqj{0) = I{0)- Then, there exist constants 7 > 0, C > 0, Hq > and Dq > such 
that, for every < r < 1, 

< I(r) -a < Cr^, (5.5) 

H(r) D(r) 
< V-7 -^0 < Cr^ and < — ^ - D < Cr^. (5.6) 

The proof of this result follows computations similar to those of [Cha88]. A simple 
corollary of (5.5) and (5.6) is the uniqueness of tangent functions. 

THEOREM 5.3. Let f : D — > ^4g(lR n ) be a Dir -minimizing Q-valued functions, with 
Dir(/, D) > and /(0) = Q [0]. Then, there exists a unique tangent map g to f at (i.e. 
the maps fc p defined in (3.51) converge locally uniformly to g). 



In the first subsection we prove Theorem 5.3 assuming Proposition 5.2, which will be 
then proved in the second subsection. 
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5.2.1. Proof of Theorem 5.3. Set a = Ioj(0) and note that, by Theorem 3.19 and 
Proposition 5.2, a = D /H > 0, where D Q and H are as in (5.6). Without loss of 
generality, we might assume D = 1. So, by (5.6), recalling the definition of blow-up f e , it 
follows that 

f e (r, 9) = g~ a f(r g, 9) (1 + 0(g^ 2 )). (5.7) 

Our goal is to show the existence of a limit function (in the uniform topology) for the blow- 
up f g . From (5.7), it is enough to show the existence of a uniform limit for the functions 
h e (r,9) = g~ a f e (r g,9). Since h g (r,9) = r a h r g(l,9), it suffices to prove the existence of a 
uniform limit for h e \gi. On the other hand, the family of functions {hg} g>0 is equi-Holder 
(cp. with Theorem 3.19 and (5.6) in Proposition 5.2). Therefore, the existence of an 
uniform limit is equivalent to the existence of an L 2 limit. 
So, we consider r/2 < s < r and estimate 



2n 



Q (h r , h s 



2 77 



f(r,9) f(s,9) 



< (r 



d9 < 



277 



d 
dt 



f(t,9) 



dt d9 



d 

Tit 



f(t,9) 



dt d0. 



(5.1 



This computation can be easily justified because r i— > f(r,9) is a W 1 ' 2 function for a.e. 
9. Using the chain rule in Proposition 1.12 and the variation formulas (3.6), (3.7) in 
Proposition 3.2, we estimate (5.8) in the following way: 



277 



Q (K, h s 



< (r 



2tt 



E 



a 



\M 2 , Mi 



(3.6), (3.7), 



a 



1 

2f 
1 

2t 



-pa+2 j-2, 

2 H(t) , D'{t) 
2 t 2a+1 
2 Hit) 



< (r — s) 



1 

2t 



f2a+3 

m 

t 2a 

t 2a 
D(t) 



2a 



a 



-2a 

m 

-pa+2 

D(t) 



(dvfi, fi) 
t 2a+l 

dt 



a 



2 t 2a+3 
H(t) 



— a 



2t 2a + 3 



£2a+2 

(<*-Io,f(t)) 



dt 



dt 



t 



2a 



dt 



lr — s) 



1 

2t 



D(t) 



t 



2a 



D dt (5.9) 



where the last inequality follows from the monotonicity of the frequency function, which 
implies, in particular, that a < Io,f{t) for every t. Integrating by parts the last integral of 
(5.9), we get 



2tt 



Q (h r , h s ) 2 < (r - s) 



1 

2r 



D(r) 



:2a 



D a \- — 



1 

2s 



D(s) 

a 2a 



Do 



+ 
1 

2t2 



D(r) 



,2a 



-D 
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Recalling that < D(r)/r 2a — D < Cr 1 and s = r/2 we estimate 

2W G (K, h s f < r —^r< + {r-s)j^ ^ < Cr\ (5.10) 
Let now s < r and choose L £ N such that r/2 L+1 < s < r/2 L . Iterating (5.10), we reach 

L_1 L r 7/2 

\\Q(h r ,h s )\\ L 2 < ||£ { h r/2hK/2'+i)\\ L 2 + \\Q {K/2L,h s )\\ L2 < 22 /2 a ^ Cr l/2 . 
i=o 1=0 (2 7/ ) 

This shows that is a Cauchy sequence in L 2 and, hence, concludes the proof. 
5.2.2. Proof of Proposition 5.2. The key of the proof is the following estimate: 

I'M > -(a + 7- I(r))(/-a). (5.11) 
r 

We will prove (5.11) in a second step. First we show how to conclude the various statements 
of the proposition. 

Step 1. (5.11)^=^ Proposition 5.2. Since / is monotone nondecreasing (as proved in 
Theorem 3.15), there exists r$ > such that a + 7 — /(r) > 7/2 for every r < tq. Therefore, 

I'M>-(lM-a) Vr<r . (5.12) 
r 

Integrating the differential inequality (5.12), we get the desired conclusion: 

J(r) - a < r 7 (J(r ) - a) = C r 7 '. 
From the computation of H' in (3.46), we deduce easily that 

\ r J r 
This implies the following identity: 

. H(r)Y / #(r) . 2Q V /#(r)V 2a (5.13) 2 . n , c1/lN 

lo S^iJ = (^log^-logr 2 ^ = (-^J "V = -( J W-«)>°- ( 5 - 14 ) 

So, in particular, we infer the monotonicity of log 4^ and, hence, of . We can, 
therefore, integrate (5.14) and use (5.5) in order to achieve that, for < s < r < 1 and for 
a suitable constant C 7 , the function 

is decreasing. So, we conclude the existence of the following limits: 

llm £M£_^ = llm £M = „ 0> o, 

r _>0 r 2a+l r ^Q r 2a+l 

with the bounds, for r small enough, 



g ( i- C ,V g(r '^%/f,<g 

r 2a+l V ' — r 2a+l — u — r 2a+l 
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This easily concludes the first half of (5.6). The rest of (5.6) follows from the following 
identity: 



D(r) , H(r) 



r 



2a + 1 



H(r) 



2a+l 



Hr 



Indeed, both addendum are positive and bounded by C r 7 . 

Step 2. Proof of (5.11). Recalling the computation in (3.47), (5.11) is equivalent to 

rD'(r) 2I(r) 2 2 , T , xN lTl , 

— Y — > - « + 7 - / r ) (I(r) ~ « , 

H (r) r r 



which, in turn, reduces to 



(2a + 7)D(r) < 



rD'{r) a(a + ^)H(r) 



(5.15) 



2 r 

To prove (5.15), we exploit once again the harmonic competitor constructed in the proof 
of the Holder regularity for the planar case in Proposition 3.10. Let r > be a fixed radius 
and f(re td ) = g{9) = J2j=i l9j(@)J be an irreducible decomposition as in Proposition 1.5. 
For each irreducible gj, we find jj G W 1 ' 2 (S 1 ,M n ) and Qj such that 

'9 + 2m 



m = E 



8=1 



7i 



We write now the different quantities in (5.15) in terms of the Fourier coefficients of the 
7j's. To this aim, consider the Fourier expansions of the 7j's, 

+oo 

n (*) = if + E r ' K< cos ( / *) + ^ sin ( z *) } > 



!=1 



and their harmonic extensions 



a j,o 



y^e l {aj,i cos(l9) +bj j i sin(/#)}. 



i=i 



Recalling Lemma 3.12, we infer the following equalities: 

,/ x , „i, v-^ 2Dir(7,-,r§ 1 ) v r 21 " 1 I 2 , 

D'{r) = 2 Dirfe, r S 1 ) = E ^ " = 2 ^ E E ( a h + b h) > ( 5 - 16 ) 



3 I 



Qj 



3 JrSl 3 JrSl 3 I 1 I 

Finally, using the minimality of /, 

D(r) < Dir(0, B r ) = vr £ £ r 2 < / (a 2 , + fo 2 J . 



(5.17) 
(5.18) 
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We deduce from (5.16), (5.17) and (5.18) that, to prove (5.15), it is enough to find a 7 
such that 

I 2 

(2a + 7) I < — + a (a + 7) Qj, for every I G N and every Qj, 
Qj 

which, in turn, is equivalent to 

1 Q j {l-otQ j ) < (1-aQj) 2 . (5.19) 

Note that the Qj's depend on r, the radius we fixed. However, they are always natural 
numbers less or equal than Q. It is, hence, easy to verify that the following 7 satisfies 
(5.19): 

( I a A; I + 1 — ak~) 
7 = min <^ ± } — \ . (5.20) 



i<fc<Q 1 k 



5.3. The singularities of 2-d Dir-minimizing functions are isolated 

We are finally ready to prove Theorem 0.12. 

Proof of Theorem 0.12. Our aim is to prove that, if / : Q — > Aq is Dir-minimizing, 
then the singular points of / are isolated. The proof is by induction on the number of values 
Q. The basic step of the induction procedure, Q = 1, is clearly trivial, since £/ = 0. Now, 
we assume that the claim is true for any Q' < Q and we will show that it holds for Q as 
well. 

So, we fix / : M 2 D Q — » Aq Dir-minimizing. Since the function / — Q [[77 o /] is still 
Dir-minimizing and has the same singular set as / (notations as in Lemma 3.23), it is not 
restrictive to assume rj o / = 0. 

Next, let Sqj = {x : f(x) = Q [0j} and recall that, by the proof of Theorem 0.11, 
either Sq,/ = Q ot Sq,/ consists of isolated points. Assuming to be in the latter case, 
on D \ Sqj, we can locally decompose / as the sum of a Qi-valued and a (^-valued Dir- 
minimizing function with Qi,Q2 < Q- We can therefore use the inductive hypothesis to 
conclude that the points of £/ \ Eqj are isolated. It remains to show that no x G Sqj is 
the limit of a sequence of points in £/ \ £q,/- 

Fix xo G £q,/- Without loss of generality, we may assume xq = 0. Note that G £qj 
implies D(r) > for every r such that B r C fl Let g be the tangent function to / in . 
By the characterization in Proposition 5.1, we have 

j 

9 = k [01 + k i M > 

where the g/s are Q*-valued functions satisfying (a)-(c) of Proposition 5.1 (in particular 
a = n*/Q* is the frequency in 0). So, we are necessarily in one of the following cases: 

(i) max{fc , J — 1} > 0; 

(ii) J = 1, ko = and k\ < Q. 
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If case (i) holds, we define 

dij :— min dist(supp (gi(x)), supp (gj(x))) and e = mm-y-. (5-21) 

By Proposition 5.1(c), we have e > 0. From the uniform convergence of the blow-ups to 
g, there exists r > such that 

Q (/(x), g{x)) < e \x\ a for every \x\ < r . (5.22) 

The choice of e in (5.21) and (5.22) easily implies the existence of fj, with j £ {0, . . . , J}, 
such that fo is a VK 1 ' 2 fc -valued function, each fj is a VK 1 ' 2 (fcj Q*)-valued function for 
j > 0, and 

j 

/k, = £[£]■ ( 5 - 23 ) 

i=o 

It follows that each fj is a Dir-minimizing function. The sum (5.23) contains at least two 
terms: so each fj take less than Q values and we can use our inductive hypothesis to 
conclude that £/ fl B ro = [J . E ^ fl 5 ro consists of isolated points. 
If case (ii) holds, then kQ* = Q, with k < Q, and g is of the form 

g(x) =Y^k{L- z n 'J , 

Z Q* =x 

where L is injective. In this case, set 

d{r) := min |L • zf — L ■ z%*\- 

Note that 

d{r) = cr a and max dist (supp (f(x)), supp (g(x))) = o{r a ). 

\x\=r 

This implies the existence of r > and £ £ C(B r , Ak{^ n )) such that 

Z Q* =x 

Set p = r®* . If x j£ B p \0 and a < min{\x\,p — \x\}, then obviously £ £ iy 1 ' 2 (i? (T (x)). 
Thus, C £ W 1,2 (B p \ Bo) for every er > 0. On the other hand, after the same computations 
as in Lemma 3.12, it is easy to show that Dir(£, B p \ B a ) is bounded independently of p. 
We conclude that C £ W^^Bp \ {0}). This implies that ( £ W /1 - 2 ( J B p ) (see below) and 
hence we can apply the same arguments of Lemma 3.12 to show that £ is Dir-minimizing. 
Therefore, by inductive hypothesis, consists of isolated points. So, ( is necessarily 
regular in a punctured disk B a (0) \ {0}, which implies the regularity of / in the punctured 
disk B a i, Q * \ {0}. 

For the reader's convenience, we give a short proof of the claim ( £ W 1,2 (B P ). This 
is in fact a consequence of the identity W 1,2 (B P \ {0}) = W 1 ' 2 (B P ) for classical Sobolev 
spaces, a byproduct of the fact that 2-capacity of a single point in the plain is finite. 
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Indeed, we claim that, for every T £ ^,(IR n ), the function hj- := G(C,T) belongs to 
W l,2 (B p ). Fix a test function (p £ C^°(B p ) and denote by A* the distributional derivative 
d x .hr in B p \ {0}. For every a £ (0,p) let ^ £ C^°(B (T ) be a cutoff function with the 
properties: 



(i) < ^ < 1; 

(ii) p^||co<Ca- 



Then, 



where C is a geometric constant independent of a. 



h T d Xi (f = / h T d Xi (cpilj a ) 



Be 



h T d Xi (<pi/; a )- / A'dl-^cp) 



Letting a \ 0, (II) converges to / Afy- As for (I), we estimate it as follows: 

I CO I < Wdxiiv^WlPiBa) IIMU^)" 

By the absolute continuity of the integral, ||^t||l 2 (_b (T ) ~~ > as a \ 0. On the other hand, 
we have the pointwise inequality \d Xi (<p < C(l + o" _1 ). Therefore, \\d Xi (<p iP(t)\\l 2 (b^) is 
bounded independently of a. This shows that (J) j and hence we conclude the identity 
/ hTd Xi ip — — J A l ip. Thus, A is the distributional derivative of Ht in B p . □ 

REMARK 5.4. Theorem 0.12 is optimal. There are Dir-minimizing functions for which 
the singular set is not empty. Any holomorphic varieties which can be written as graph of 
a multi-valued function is Dir-minimizing. For example, the function 



3 z i — ► 



i 



i 



£ Ao 



whose graph is the complex variety V = {(z,w) £ C 2 : \z\ < 1, w 2 = z}, is an example 
of a Dir-minimizing function with a singular point in the origin. A proof of this result is 
contained in [ AlmOO] . The question will be addressed also in [Spa09] . 
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